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Abstract

Amongst all Riemann surfaces the compact ones are especially important. They arise, for
example, as those covering surfaces of the Riemann sphere defined by algebraic functions. As well
their function theory is subject to interesting restrictions, like the Riemann–Roch Theorem and
Abel’sTheorem. More recently the theory of Riemann surfaces has been generalized to an extensive
theory for complex manifolds of higher dimension. And the methods developed for this are very
well suited to proving the classical theorems. One such method is sheaf cohomology and we give a
short introduction to this in the present chapter.

To a large extent Chapter 2 is independent of Chapter 1. Essentially only §1 (the definition
of Riemann surfaces), the first half of §6 (the definition of sheaves) and §§9 and 10 (differential
forms) will be needed. [1]
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The shortest and easiest path between two
truths of the real domain most often passes
through the complex domain.

Paul PainlevéChapter 1

Cohomology Groups

The goal of this section is to define the cohomology groups H1(X,F ), where F is a sheaf
of abelian groups on a topological spaceX . In our further study of Riemann surfaces, these coho-
mology groups play a very decided role.

1.1 Cochains, Cocycles, Coboundaries

definition 1.1 SupposeX is a topological space andF is a sheaf of abelian groups onX . Also
suppose that an open covering ofX is given, i.e., a family U = (Ui)i∈I of open subsets ofX
such that ∪

i∈I
Ui = X.

For q = 0, 1, 2, . . . define the qth cochain group of F , with respect to U , as

Cq(U ,F ) :=
∏

(i0,...,iq)∈Iq+1

F (Ui0 ∩ · · · ∩ Uiq).

The elements of Cq(U ,F ) are called q-cochains. Thus a q-cochain is a family

(fi0,...,iq)(i0,...,iq)∈Iq+1

such that
fi0,...,iq ∈ F (Ui0 ∩ · · · ∩ Uiq)

for all (i0, . . . , iq) ∈ Iq+1. The addition of two cochains is defined component-wise,i.e.
Suppose we have two q-cochains, denoted by f = (fi0,...,iq) and g = (gi0,...,iq). Their sum
h = f + g is defined component-wise: for every index (i0, . . . , iq) ∈ Iq+1, let

hi0,...,iq := fi0,...,iq + gi0,...,iq ,

where the + denotes the addition in the abelian group F (Ui0 ∩ · · · ∩ Uiq).

4
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definition 1.2 Now define coboundary operators

δ : C0(U ,F ) → C1(U ,F )

δ : C1(U ,F ) → C2(U ,F )

as follows:
(i) For (fi)i∈I ∈ C0(U ,F ) let δ((fi)i∈I) = (gij)i,j∈I where

gij := fj − fi ∈ F (Ui ∩ Uj).

Here it is understood that one restricts fi and fj to the intersection Ui ∩ Uj and then takes
their difference.

(ii) For (fij)i,j∈I ∈ C1(U ,F ) let δ((fij)) = (gijk) where

gijk := fjk − fik + fij ∈ F (Ui ∩ Uj ∩ Uk).

Again the terms on the right are restricted to their common domain of definitionUi∩Uj∩Uk .
These coboundary operators are group homomorphisms.
If we let i,j,k be 1,2,3, then the negative sign appears when 2 disappears.

definition 1.3 Let

Z1(U ,F ) := Ker
(
C1(U ,F )

δ−→ C2(U ,F )
)
,

B1(U ,F ) := Im
(
C0(U ,F )

δ−→ C1(U ,F )
)
.

The elements of Z1(U ,F ) are called 1-cocycles. Thus by definition a 1-cochain (fij) ∈
C1(U ,F ) is a cocycle precisely if

fik = fij + fjk on Ui ∩ Uj ∩ Uk (*)

for all i, j, k ∈ I . One calls (∗) the cocycle relation and it implies

fii = 0, fij = −fji.

One obtains these from (∗) by letting i = j = k for the first and i = k for the second.
The elements of B1(U ,F ) are called 1-coboundaries. In particular every coboundary is

a cocycle. A coboundary is also called a splitting cocycle. Thus a 1-cocycle (fij) ∈ Z1(U ,F )
splits if and only if there is a 0-cochain (gi) ∈ C0(U ,F ) such that

fij = gi − gj on Ui ∩ Uj for every i, j ∈ I.

The quotient group
H1(U ,F ) := Z1(U ,F )/B1(U ,F )
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is called the 1st cohomology group with coefficients in F with respect to the covering U .

n open covering V = (Vk)k∈K is called finer than the covering U = (Ui)i∈I , denoted
V < U , if every Vk is contained in at least one Ui. Thus there is a mapping τ : K → I such that

Vk ⊂ Uτ(k) for every k ∈ K.

By means of the mapping τ we can define a mapping

tUV : Z1(U,F ) → Z1(V,F )

(fij) 7→ (gkl),

where
gkl := fτ(k),τ(l)|Vk∩Vl

for every k, l ∈ K.

Lemma 1.1 The mapping
tUV : H1(U,F ) → H1(V,F )

is independent of the choice of the refining mapping τ : K → I .

Proof. Suppose τ̃ : K → I is another mapping such that Vk ⊂ Uτ̃(k) for every k ∈ K .
Suppose (fij) ∈ Z1(U,F ) and let

gkl := fτ(k),τ(l)|Vk∩Vl
and g̃kl := fτ̃(k),τ̃(l)|Vk∩Vl

.

We have to show that the cocycles (gkl) and (g̃kl) are cohomologous. Since Vk ⊂ Uτ(k) ∩
Uτ̃(k), one can define

hk := fτ(k),τ̃(k)|Vk
∈ F (Vk).

On Vk ∩ Vl one has

gkl − g̃kl = fτ(k),τ(l) − fτ̃(k),τ̃(l)

= fτ(k),τ(l) + fτ(l),τ̃(k) − fτ(l),τ̃(k) − fτ̃(k),τ̃(l)

= fτ(k),τ̃(k) − fτ(l),τ̃(l)

= hk − hl.

Thus the cocycle (gkl)− (g̃kl) is a coboundary.

Lemma 1.2 The mapping
tUV : H1(U,F ) → H1(V,F )

is injective.
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Proof. Suppose (fij) ∈ Z1(U,F ) is a cocycle whose image in Z1(V,F ) splits. One has to show
that (fij) itself splits.

Now suppose fτ(k),τ(l) = gk − gl on Vk ∩ Vl, where gk ∈ F (Vk). Then on Ui ∩ Vk ∩ Vl one
has

gk − gl = fτ(k),τ(l) = fτ(k),i + fi,τ(l) = fi,τ(l) − fi,τ(k),

and thus fi,τ(k)+gk = fi,τ(l)+gl. Applying sheaf axiom II to the family of open sets (Ui∩Vk)k∈K ,
one obtains hi ∈ F (Ui) such that

hi = fi,τ(k) + gk on Ui ∩ Vk.

With the elements hi found in this way, on Ui ∩ Uj ∩ Vk one has

fij = fi,τ(k) + fτ(k),j = fi,τ(k) + gk − fj,τ(k) − gk = hi − hj .

Since k is arbitrary, it follows from sheaf axiom I that this equation is valid over Ui ∩Uj , i.e.,
the cocycle (fij) splits with respect to the covering U.

definition 1.4 (The Definition ofH1(X,F)) If one has three open coverings such thatV <
W < U, then

tWV ◦ tUW = tUV.

Thus one can define the following equivalence relation ∼ on the disjoint union of the
groups H1(U,F ), where U runs through all open coverings of X . Two cohomology classes
ξ ∈ H1(U,F ) and η ∈ H1(U′,F ) are defined to be equivalent, denoted ξ ∼ η, if there
exists an open coveringV withV < U andV < U′ such that

tUV(ξ) = tU
′

V (η).

The set of equivalence classes is the so-called inductive limit of the cohomology groups
H1(U,F ) and is called the 1st cohomology group ofX with coefficients in the sheafF . In symbols,

H1(X,F ) := lim−→
U

H1(U,F ) =

(⊔
U

H1(U,F )

)/
∼ .

Addition in H1(X,F ) is defined by means of representatives as follows. Suppose the ele-
ments x, y ∈ H1(X,F ) are represented by ξ ∈ H1(U,F ) resp. η ∈ H1(U′,F ). LetV be
a common refinement of U and U′. Then x+y ∈ H1(X,F ) is defined to be the equivalence
class of

tUV(ξ) + tU
′

V (η) ∈ H1(V,F ).

One can easily check that this definition is independent of the various choices made and
makes H1(X,F ) into an abelian group. If F is a sheaf of vector spaces, then in a natural
wayH1(U,F ) andH1(X,F ) are also vector spaces.

From Lemma 1.2 it follows that for any open covering U ofX the canonical mapping

H1(U,F ) → H1(X,F )
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is injective. In particular this implies thatH1(X,F ) = 0 if and only ifH1(U,F ) = 0 for every
open covering U ofX .

Theorem 1.1 Suppose X is a Riemann surface and E is the sheaf of differentiable functions
onX . Then

H1(X, E) = 0.

Proof. We give the proof under the assumption that X has a countable topology. However, we
assume the manifold is C2 in other textbooks about smooth manifolds.

Suppose U = (Ui)i∈I is an arbitrary open covering of X . Then there is a partition of unity
subordinate to U, i.e. a family (ψi)i∈I of functions ψi ∈ E(X) with the following properties (cf.
the Appendix):

(i) Supp(ψi) ⊂ Ui.

(ii) Every point ofX has a neighborhood meeting only finitely many of the sets Supp(ψi).

(iii)
∑

i∈I ψi = 1.

We will show thatH1(U, E) = 0, i.e., every cocycle (fij) ∈ Z1(U, E) splits.
The function ψjfij , which is defined on Ui ∩ Uj , may be differentiably extended to all of Ui

by assigning it the value zero outside its support. Thus it may be considered as an element of E(Ui).
Set

gi :=
∑
j∈I

ψjfij .

Because of (ii), in a neighborhood of any point in Ui, this sum has only finitely many terms
which are not zero and thus defines an element gi ∈ E(Ui). For i, j ∈ I

gi − gj =
∑
k∈I

ψkfik −
∑
k∈I

ψkfjk

=
∑
k∈I

ψk(fik − fjk)

=
∑
k∈I

ψk(fik + fkj)

=
∑
k∈I

ψkfij

= fij

on Ui ∩ Uj and thus (fij) is a coboundary.

Remark 1.1 In exactly the same way one can show that on a Riemann surfaceX the 1st cohomology
groups with coefficients in the sheaves E(1), E1,0, E0,1 and E(2) also vanish.
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Theorem 1.2 SupposeX is a simply connected Riemann surface. Then

(a) H1(X,C) = 0,

(b) H1(X,Z) = 0.

Here C (resp. Z) denotes the sheaf of locally constant functions with values in the com-
plex numbers (resp. integers).

Proof. (a) Suppose U is an open covering of X and (cij) ∈ Z1(U,C). Since Z1(U,C) ⊂
Z1(U, E) andH1(U, E) = 0, there exists a cochain (fi) ∈ C0(U, E) such that

cij = fi − fj on Ui ∩ Uj .

But dcij = 0 implies dfi = dfj on Ui ∩ Uj , and thus there exists a global differential form
ω ∈ E (1)(X) such that ω|Ui = dfi. Since ddfi = 0, it follows that ω is closed. Because X
is simply connected, by (10.7) there exists f ∈ E(X) such that df = ω. Set

ci := fi − f |Ui .

Since dci = dfi − df = ω − ω = 0 on Ui, ci is locally constant, i.e., (ci) ∈ C0(U,C). On
Ui ∩ Uj one has

cij = fi − fj = (fi − f)− (fj − f) = ci − cj ,

and thus the cocycle (cij) splits.

(b) Suppose (ajk) ∈ Z1(U,Z). By (a) there exists a cochain (cj) ∈ C0(U,C) such that

ajk = cj − ck on Uj ∩ Uk.

Since exp(2πiajk) = 1, one has exp(2πicj) = exp(2πick) on the intersection Uj ∩ Uk .
SinceX is connected, there exists a constant b ∈ C∗ such that

b = exp(2πicj) for every j ∈ I.(bexistsbytheaxiomIIofsheaf.)

Choose c ∈ C such that exp(2πic) = b and let

aj := cj − c.

Since exp(2πiaj) = exp(2πicj) exp(−2πic) = 1, it follows that aj is an integer, i.e.,
(aj) ∈ C0(U,Z). Moreover

ajk = cj − ck = (cj − c)− (ck − c) = aj − ak,

i.e., the cocycle (ajk) lies in B1(U,Z).

The next theorem shows that in certain cases one can calculateH1(X,F) using only a single
covering ofX .
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Theorem 1.3 (Larey) Suppose F is a sheaf of abelian groups on the topological spaceX and
U = (Ui)i∈I is an open covering ofX such that

H1(Ui,F |Ui) = 0 for every i ∈ I.

Then
H1(X,F ) ∼= H1(U,F ).

Such a covering U is called a Leray covering (of 1st order) for the sheaf F .

Proof. It suffices to show that, for every open covering V = (Vα)α∈A with V < U, the mapping
tUV : H1(U,F ) → H1(V,F ) is an isomorphism(Since limit is unique). From lemma 1.2 this
mapping is injective.

Suppose τ : A → I is a refining mapping with Vα ⊂ Uτ(α) for every α ∈ A. To prove the
surjectivity of tUV, we must show that given any cocycle (fαβ) ∈ Z1(V,F ), there exists a cocycle
(Fij) ∈ Z1(U,F ) such that the cocycle

(Fτ(α),τ(β))− (fαβ)

is cohomologous to zero relative to the coveringV.
Now the family (Ui ∩ Vα)α∈A is an open covering of Ui which we denote by Ui ∩ V. By

assumptionH1(Ui ∩V,F |Ui) = 0, i.e., there exist giα ∈ F (Ui ∩ Vα) such that

fαβ = giα − giβ on Ui ∩ Vα ∩ Vβ .

Now on the intersection Ui ∩ Uj ∩ Vα ∩ Vβ one has

gjα − giα = gjβ − giβ

and thus by sheaf axiom II there exist elements Fij ∈ F (Ui ∩ Uj) such that

Fij = gjα − giα on Ui ∩ Uj ∩ Vα.

Clearly, (Fij) satisfies the cocycle relation and thus lies inZ1(U,F ). Let hα := gτ(α),α|Vα ∈
F (Vα). Then on Vα ∩ Vβ one has

Fτ(α),τ(β) − fαβ = (gτ(β),α − gτ(α),α)− (gτ(β),α − gτ(β),β)

= gτ(β),β − gτ(α),α

= hβ − hα,

and thus (Fτ(α),τ(β))− (fαβ) splits.

definition 1.5 Suppose F is a sheaf of abelian groups on the topological space X and U =
(Ui)i∈I is an open covering ofX . Set

Z0(U ,F) := Ker
(
C0(U ,F)

δ−→ C1(U ,F)
)
,

B0(U ,F) := 0,
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H0(U ,F) := Z0(U ,F)/B0(U ,F) = Z0(U ,F).

From the definition of δ it follows that a 0-cochain (fi) ∈ C0(U ,F) belongs to Z0(U ,F)
precisely if fi|Ui∩Uj = fj |Ui∩Uj for every i, j ∈ I . By sheaf axiom II the elements fi piece together
to give a global element f ∈ F(X) and there is a natural isomorphism

H0(U ,F) = Z0(U ,F) ∼= F(X).

Thus the groupsH0(U ,F) are entirely independent of the covering U and one can define

H0(X,F) := F(X).

1.A Appendix

definition 1.6 (presheaf) LetX be a topological space. A presheaf F of sets onX consists of
the following data:

• For every open set U ⊂ X , a set F(U) (called the set of sections over U ).

• For every inclusion of open sets V ⊂ U , a map

ρU,V : F(U) → F(V )

(called the restriction map).

These data are required to satisfy the following conditions:

1. ρU,U = idF(U) for every open set U ⊂ X .

2. For any open setsW ⊂ V ⊂ U , the diagram

F(U) F(V )

F(W )

ρU,V

ρU,W
ρV,W

commutes, i.e., ρV,W ◦ ρU,V = ρU,W .

If the sets F(U) carry additional algebraic structure (e.g., groups, rings, modules) and the restric-
tion maps are homomorphisms, one speaks of a presheaf of groups, rings, modules, etc.

definition 1.7 (sheaf) A presheafF on a topological spaceX is called a sheaf if for every open
setU ⊂ X and every open coveringU = (Ui)i∈I ofU , the following two axioms are satisfied:

(S1) Locality. Let s, t ∈ F(U) be sections such that

s|Ui = t|Ui for all i ∈ I.
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Then s = t.

(S2) Gluing. Let (si)i∈I be a family of sections si ∈ F(Ui) satisfying the compatibility
condition

si|Ui∩Uj = sj |Ui∩Uj for all i, j ∈ I.

Then there exists a section s ∈ F(U) such that s|Ui = si for all i ∈ I .

Remark 1.2 The locality axiom (S1) guarantees the uniqueness of the glued section, while the gluing
axiom (S2) guarantees its existence. Together they imply that for any open covering (Ui)i∈I of U ,
the diagram

F(U) −→
∏
i∈I

F(Ui) ⇒
∏
i,j∈I

F(Ui ∩ Uj)

is an equalizer, where the two parallel arrows are given by the two natural restriction maps.



Chapter 2

Dolbeault’s lemma

2.1 Dolbeault’s lemma

n this section we solve the inhomogeneous Cauchy–Riemann differential equation ∂f
∂z̄ = g,

where g is a given differentiable function on the disk X . This is then used to show that the coho-
mology groupH1(X,C) vanishes.

Lemma 2.1 Suppose g ∈ E(C) has compact support. Then there exists a function f ∈ E(C)
such that

∂f

∂z̄
= g.

Proof. Define the function f : C → C by

f(ζ) :=
1

2πi

∫∫
C

g(z)

z − ζ
dz ∧ dz̄.

Since the integrand has a singularity when z = ζ , one has to show that the integral exists and
depends differentiably on ζ . The simplest way to do this is to change variables by translation and
then introduce polar coordinates r, θ, namely let

z = ζ + reiθ.

With regard to the integration ζ is a constant and one has

dz ∧ dz̄ = −2i dx ∧ dy = −2ir dr ∧ dθ.

Thus

f(ζ) = − 1

π

∫∫
g(ζ + reiθ)

reiθ
r dr dθ

= − 1

π

∫∫
g(ζ + reiθ)e−iθ dr dθ.

13
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Since g has compact support, one has only to integrate over a rectangle 0 ≤ r ≤ R, 0 ≤
θ ≤ 2π, providedR is chosen sufficiently large. One may differentiate under the integral sign, i.e.,
f ∈ E(C) and

∂f

∂ζ̄
(ζ) = − 1

π

∫∫
∂g(ζ + reiθ)

∂ζ̄
e−iθ dr dθ.

Changing back to the original coordinates, one has

∂f

∂ζ
(ζ) =

1

2πi
lim
ϵ→0

∫∫
Bϵ

∂g(ζ + z)

∂ζ

1

z
dz ∧ dz̄,

where Bϵ := {z ∈ C : ϵ ≤ |z| ≤ R}. Since

∂g(ζ + z)

∂ζ

1

z
=
∂g(ζ + z)

∂z̄

1

z
=

∂

∂z̄

(
g(ζ + z)

z

)
for z 6= 0, one has

∂f

∂ζ
(ζ) =

1

2πi
lim
ϵ→0

∫∫
Bϵ

∂

∂z̄

(
g(ζ + z)

z

)
dz ∧ dz̄ = − lim

ϵ→0

∫∫
Bϵ

dω,

where the differential form ω is given by

ω(z) =
1

2πi

g(ζ + z)

z
dz

(here one considers z as a variable and ζ as a constant). By Stokes’ Theorem

∂f

∂ζ
(ζ) = − lim

ϵ→0

∫∫
Bϵ

dω = − lim
ϵ→0

∫
∂Bϵ

ω = lim
ϵ→0

∫
|z|=ϵ

ω.

Parametrizing the circle |z| = ϵ by z = ϵeiθ, 0 ≤ θ ≤ 2π, one gets

∂f

∂ζ
(ζ) = lim

ϵ→0

1

2π

∫ 2π

0
g(ζ + ϵeiθ) dθ.

Now the integral gives the average value of the function g over the circle ζ+ ϵeiθ for 0 ≤ θ ≤
2π. Since g is continuous, this converges to g(ζ) as ϵ→ 0, i.e.,

∂f

∂ζ
(ζ) = g(ζ).

Theorem 2.1 Suppose X := {z ∈ C : |z| < R}, 0 < R ≤ ∞, and g ∈ E(X). Then there
exists f ∈ E(X) such that

∂f

∂z̄
= g.

This theorem is a special case of the so-called Dolbeault Lemma in several complex variables.
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Proof. In this case a solution cannot simply be given as an integral as in lemma 2.1, for the integral
will not converge in general. For this reason we use an exhaustion process which allows lemma 2.1
to be applied in the present setting.

Suppose 0 < R0 < R1 < · · · < Rn < · · · is a sequence of radii such that

lim
n→∞

Rn = R

and set
Xn := {z ∈ C : |z| < Rn}.

There exist functions ψn ∈ E(X) with compact supports Supp(ψn) ⊂ Xn+1 and ψn|Xn =
1. The functions ψng vanish outside Xn+1 and thus if one extends them by zero, they become
functions on C. By (13.1) there exist functions fn ∈ E(X) such that

∂̄fn = ψng onX.

Here and in the following we use the abbreviation ∂̄ := ∂/∂z̄.
By induction we alter the sequence (fn) to another sequence (f̄n), which for alln ≥ 1 satisfies

(i) ∂̄f̄n = g onXn,

(ii) ‖f̄n+1 − f̄n‖Xn−1 ≤ 2−n.

(As usual let ‖f‖K := supx∈K |f(x)| denote the supremum norm.) Set f̄1 := f1. Suppose
f̄1, . . . , f̄n are already constructed. Then

∂̄(fn+1 − f̄n) = 0 onXn,

and thus fn+1− f̄n is holomorphic onXn. Hence there exists a polynomialP (e.g., a finite number
of terms of the Taylor series of fn+1 − f̄n) such that

‖fn+1 − f̄n − P‖Xn−1 ≤ 2−n.

If we set f̄n+1 := fn+1 − P , then (ii) is satisfied. Moreover, onXn+1 one has

∂̄f̄n+1 = ∂̄fn+1 − ∂̄P = ∂̄fn+1 = ψn+1g = g,

i.e., (i) also holds. Since every point z ∈ X is contained in almost allXn, the limit

f(z) := lim
n→∞

f̄n(z)

exists. OnXn one may write

f = f̄n +
∞∑
k=n

(f̄k+1 − f̄k).

For k ≥ n, the functions f̄k+1 − f̄k are holomorphic onXn, since

∂̄(f̄k+1 − f̄k) = 0.
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Because of (ii), the series

Fn :=
∞∑
k=n

(f̄k+1 − f̄k)

converges uniformly on Xn and is thus holomorphic there. Hence f = f̄n + Fn is infinitely
differentiable onXn for every n and thus f ∈ E(X). As well

∂̄f = ∂̄f̄n = g onXn

for every n and thus ∂̄f = g on all ofX .

Remark 2.1 Naturally the solution of the equation ∂̄f = g is not uniquely determined, only up to
the addition of an arbitrary holomorphic function.

corollary 2.1 Suppose X := {z ∈ C : |z| < R}, 0 < R ≤ ∞. Then given any g ∈ E(X),
there exists f ∈ E(X) such that∆f = g.

Here

∆ =
∂2

∂x2
+

∂2

∂y2
= 4

∂2

∂z∂z̄

is the Laplace operator.

Proof. Choose f1 ∈ E(X) such that ∂̄f1 = g and f2 ∈ E(X) such that ∂̄f2 = f1. Then f := 1
4f2

satisfies∆f = g, for

∆f = 4
∂2f

∂z∂z̄
=
∂2f2
∂z∂z̄

=
∂

∂z

(
∂f2
∂z̄

)
=
∂f1
∂z

= g.

Theorem 2.2 SupposeX := {z ∈ C : |z| < R}, 0 < R ≤ ∞. ThenH1(X,O) = 0.

Proof. Suppose U = (Ui)i∈I is an open covering of X and (fij) ∈ Z1(U,O) is a cocycle. Since
Z1(U,O) ⊂ Z1(U, E) andH1(X, E) = 0, there exists a cochain (gi) ∈ C0(U, E) such that

fij = gi − gj on Ui ∩ Uj .

Since ∂̄fij = 0, one has ∂̄gi = ∂̄gj on Ui ∩ Uj and thus there exists a global function
h ∈ E(X) with h|Ui = ∂̄gi. By (13.2) we can find a function g ∈ E(X) such that ∂̄g = h. Define

fi := gi − g.

Now fi is holomorphic, since ∂̄fi = ∂̄gi − ∂̄g = 0, and thus (fi) ∈ C0(U,O). As well on
Ui ∩ Uj one has

fi − fj = gi − gj = fij ,

i.e., the cocycle (fij) splits.
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Theorem 2.3 For the Riemann sphereH1(P1,O) = 0.

Proof. Set U1 := P1 \ {∞} and U2 := P1 \ {0}. Since U1 = C and U2 is biholomorphic to C,
it follows from (13.4) that H1(Ui,O) = 0 for i = 1, 2. Thus U = (U1, U2) is a Leray covering
of P1 and H1(P1,O) = H1(U,O) by (12.8). Thus the proof is complete once one shows that
every cocycle (fij) ∈ Z1(U,O) splits. In order to do this, it is clearly enough to find functions
fi ∈ O(Ui) such that

f12 = f1 − f2 on U1 ∩ U2 = C∗.

Let

f12(z) =
∞∑

n=−∞
cnz

n

be the Laurent expansion of f12 on C∗. Set

f1(z) :=
∞∑
n=0

cnz
n and f2(z) := −

−1∑
n=−∞

cnz
n.

Then fi ∈ O(Ui) and f1 − f2 = f12.
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