Analytic Continuation Cornlm\ry 74 X is o gimply connected RS aeX, Y€ Oa which odmits

De_f Tl: X g RS, u:Tod—> X s path in X an analytic Continuation B'ay every curve . Then 3 ajlobally deﬁned
Q=ucor, b-ucy . $€0p is said fo resuit Jorom the analytic holo. fé o) ¢t- J(;'— ?

Continuationalong the cuve « af P€O0a , if’ 17]?; K{Jxé Ox is the fan(‘h'anderm which regults ﬁom +he

3 (P Oucts | teronal st- analytical continuation alo\,\j any - curve ﬁom a to %

W =, P=¢ f?ué ¢ 0 holo- ﬁ:tp_

i) ¥ TETond , 3 neighborhosd TETo2 of T Jprs unique by identity theorem.

ﬁm ¢, ﬁr all be T

EZm'vaIent Condition : by f?“?ure iy Y and X are R.S. ond Ox and Oy

P+Y =X 1s unbranched holo- => p is (acal!y biholo -
Lemma T2 Condition i 7.1. ¢ €0p s a.c a(ay u of” YeOa @ P*-'OA,,M. —t OY’J

1ol

=> 3 h‘fh‘ry }7 | P St Qo= ®, Quy= Y. ~ P« :ALF*)_l

To,1 T) X

Pf: =2 At)=YPyy, divect f7om the definition

& ugy =) Def= 76 Xis RS aeX od P€0a. (Y. P,J",b) is called on
Gnalytic Continuation of” ‘P.
Unr@ueness of’ h'ft/y is direct Jqom theorem 4-& ar Y s RS and p+Y —= X unbranched holo
And it implies that give & path u and a Jerm on the.begiming point G 3[7 e oLy)
then the analytic continuation alay the Carve is defermined iy be Y ¢t pbiza and p, (ﬁ) =
Comlla\ry 13 Xis RS- ua,u, are path- homotopic. Uo 2y, Def= moximal analytic continuation DJE P Yp b
then PeOq alofy the pathes in the hamotapic. - Class , universal property, i]U (2.9.9.¢) is any other analytic
yields the Same fw\cﬂangerm e Op Continuation of ¢, then 3 holo-map F:2 —>Y
PJP' Ll’ft:‘r\j of Homotopy , theorem 4.1 q’\x‘/P
note that (O] i Hausdufj" Fee)=b and F"szfy

Rk maximal analybec continuation i up to isomorphigim




Lemma 77: a&X, Y€ Oa and or,p,f,m is ac of’ ¢

T N N - 2 A

Then v is curve inY St V)=b, V) =y, then q)-j?*<ﬁ)€ o
i s Gn Q.c OJU ¥ alary U= pov

A
| P]()‘ Py = Pt T ¢ O])(vm) = Oucty.
hd P checlc a-c.:

* then ¥o=¥¢ and @ =¢

Suppose to € Cosa

gince p ix local homesmorphism , picle open neighborhoods VU o][’ Vo)
and Ute) St Pl — 0 biholomorphic .

then JUH any &V

P*(fm )= (_f)" (P’V)_Ul’“l’ by déﬁm‘mn

So 3 open neighbarheed T Jl’ to $t- UV => wT) 20

P*(fv(t) =L o Ply i Iy 3[7" LPH/)_\6 ow

Theorem 1. &. X s RS aeX , Y€ Oa. Then 2 moximol Gnalytic
Continuation X, p, b a]l’ .

P]ﬁ Y is Comnected Component of’ Lol containing .

p is the restictin of pojectin on Y, P Y ——X
local  homeomorphism .
Theorem 4.6 tells us Y can have complex Structure, hence @
Riemann mvﬂlu and  p s holo.
dzﬁna f)z Y —C as ﬂllawx
][?ULJ :VLLP()]/)) Levaluation )
f is holo. and px(f,L):(fo @l gy =1
set b2, then (Y.pfib) s analytical Continuation of ¢
checie it s maximal :
suppose (2,4,,9,€) is Gnother analytic Continuation of’ P
deﬁm Frz—Y, fe2, %9
b\'j the (emma 1.7 (Zx (jf)eox arises ﬁum

a.c alng a carve j%am o to X af’ gom

By lemma 12, A1 ney st AR RAL
let F(Eo=1, , trivially Frz—=Y ffber— presecving
holo. map  $5. Feesb F"(ﬁy



A\ia&bwic Functions
* The elemenwy 8mm¢‘tn‘t. functl‘on;
Cage |: T:Y —>X is an n-gheeted unbranch holomorphic Coven'ry
map and f s mefomorphic fanction on Y.
For each point x€ X, U is its elementary r\e{?hba/hud

n
mw) = u’ Vi oand T

Y v —f—>‘PI
z-’ & 7

\
X U

T

'E.‘*Lfl :ﬂtl , denote as f.‘

congider jﬂﬁ C T-ﬁ) T T et
Ci=¢€n [S‘f (fl;---/ﬁq)

Give dlobal meromorphic ﬁndmnx ty Gluing each open piece

S Ci,.-,Cn & M)

Cage 2 (Thm §2):7: Y—>X 15 n-sheeted branched holomorphic map-

needs proper
A SX, set 0]0 critical value. 3= '(A)

f’e OCY\B) (MCY\B)) and G- Cn € OCXVA) (M (XMA))

Then f may be continued halamorfh;'mtjy tmero) to Y

&2 AN Ci can be continued holumorphfca“y mero). to X

Pf: V=)
local
u (Ua,‘{’) bchav.‘ar> q)w):o

V¥ v\, 0*= U \fa1

mffj?on)io on V¥ (%)
Llyrauf of ) |']p je\/*, J(Zr e

I"""‘ elen\znm:y ne\l‘?hborhood w, P_'LWJ:("‘)Vu' , ‘|7.‘d< VJ st jeVJ‘ ,
=l

then (f—fjonﬁ Lf‘f)"@rn) )= (f—f}io on V¥)

fe ow*), f,ﬂe 0%, Cr..., Ch€0LUY)
and fﬁtf—ﬁoﬁ.) = fnﬂcﬂn)«f"‘lw- + CnoL =0
=
JQH 'x:m\’), f{\\‘f“ C,Lx;»fn(y) +--+Cn(X) =0

So JGL\ij) is bounded around each Pm'nt )y

&> Citx) s bounded around a.

,V. (Vv —0 s b.‘l’\atamarrhfc,tfé (ﬂjvl)-l = f& muvt)

o
9= YL*UP) = 1{»71 & OW) , vanishes at wla)

v ¢ So \f’K' V= {Pl "\olomarphn‘c at b\} /][‘77' IQ\fje k
nl S The elemenmy ﬁ'\ctlbn DJU Tm_ f
Vg > € Iﬁ'n— LF?JP,\) =T z' “ep T

bJ holo  case, *{llqc.‘ is continued holo.

=> C. is Continued mero-

Bmle: we dont use that Y is connected

* Note: T —>X is non-constant holomorphic map

the  push bacic TC"L{’ )= ﬁn induces monomaorphigm of ﬁ’e(ds
T MY

> M(Y)
Y o7
nl T &
T

Theorem: T : Y —=X is a n-sheeted branched holomorphic

For J@e M), it induces Cx), -, CaCx) € MUK

then f"~ LTL*Cn)f"»I*--* (T Cq )][’+ TCh=0 &)

ond T MO —> MUY i a\t7ebrarc extension of) dfjrea n
The equaliyy holds i 3 €M and 3 %e X with

w0 = (Y, Yol st ][’(JI.) are all distinet

—_— TV .. ﬁYnJ are rootg

so THRCGw T "y ¥ =0

©



Pf:Let Lémm, [CE m*mon €L Pfr YacA, chose (Va, o) on X ot Quiay=o, ¢ (0a) = ID

So J[o;r ail ][?C— L= f) is a\l7ebrm‘L over [C of d\ajra n ond UaNUa =¢ rf’ ata' e 4. Ua=Ua\fal

PfclL \/ﬁgél_ St rts dgree No of’mmimal Poly 1S maxmal in [ bﬁ proper ness of) ~', T'Us*) contains Ja’""“ Connected Companents {Va

congider b‘fc— L, 3\76{., I(L:f’,,, )= g, ly primitive by Massey lemma 2.1, T| Val' — U3 is Covering map., unbranched
clement theorem (char Mw=o => Fcfzd; => fz’pqruble) Suppose. its covering number s Rar
No 7 dim lg) = drmlqﬁ,f’; 2 o(:‘mluf,)zn,, by Thm .ls, we have Lai biholo .
fo Kfofrzleefs 2> Lol Vaf —Jar_; p*
T > Tai 2 —> 2
Equah'tj : f faf:‘sﬁes the condition Ja* T> D*
Suppose. 4.LT) is the minimal poly of ]0 over K, di?y“ men
J()m'i' o[.onf’"‘" 4t ot =0, over 1= TCM(Y) ideal point  Pg; , AEA, =1 n@  pavwise distinct
f(‘/,)v-- f’(y,\) are distinct yoobs Yé ¥'o (Par [AGA, iz n@
Give topolgy - use neighbor basis W af’ o bo def,’na neighbor - basis
« Thearem §-4: A CX closed discrete Subset and X'= X\ A. pai , {Pail Of &"7w*)n Va; 7
T K is o poper ynbranched holamorphic Cavering map- Yo }—laa;du]ﬁﬁ
Then T’ extends to a branched covering of X ie. = {7‘"3’ yey' w i proper , Since the Compact Subset o
A RS X, a poper holomorphic i Y —>x N just compoct subses of X' 0 flave poi
and Jp{ber- Pra;uvirlzj b.’hoLomovphfc mapping Make X into Riemann mrfau
LR AVETIE— & et ' Vai —>D be the continuation of Lo

K\)X, /u b\lj Commutative olnymm ) f,a. LPaI.) =0

halomanhl‘Ca”y comPaﬁblc v trivial

st .
1™ conclusion : b‘\’ Construction P Y \T'h) —>X" identity

How elunznta‘ry ﬁm(’_‘bﬁ'( ﬁﬂnctfor\ comes Joyom :

coveriw map fufhfﬂrward Local!/ to \?et \‘ﬂ Goal :
proper (n-sheeted) fim‘ta Prod.uLt on LT—ﬁ) to Jet elu‘r\enm_ry gymatn'r. functmnj if T Y > X
local - homeomorphism o\zyam twe Gan glue Cr t{iether then TLCX) >T) 7 ﬁ""“ “F“;‘;ﬂ;%n

d
2" conclusion:
Extension based on closed discrete Subget A, atoyy proper unbranched holo. map sau-‘ﬁce unbranched )

Extension doesn't en(a(?e decke Jroup. Lisomorphic under extension ond restnction )



Theorem &5 X, ¥, 2 are RS. and T:Y—>X, T 2—>X
proper holomorrhu‘c map . A s closed discrete gubset . X'= X \A-
Y=, 2= T'XY Then evey FPBM ' X—>2’
can extend to FPBMm oY —2
PJG‘ ach. (0, ¢) st Pawzo , $0)=ID,

U is small enoyh that T and T are ynbranched over U*

Vi---Vn_ connecbed  Com ponents o](’ U)W Win comected comp. of’ Tw)

vit= Vi\ @), Similar construction

o Tlw)

o' | RNWF) —> T'W* i bimle. => p=m

Since Tu|V_, SVt > U* s fhaite Sheeted unbranched covering
I
. _brholo K - N
by Sy 21D => V/SORT@) containg only one
| o |k
o M, Cchase by yourself)

gimilar, WO T'@) contang on17 one element

So extends o’z —> T ) bo | piwy —>THw

brholo . ?7 Riemann Removakle theorem

DLJE &6 Case above, Y —X 5 called Gualois :‘f Y'—X s

Cia]ois

- Lemma £1: ¢uppose Ci--Cn & OLIDWRI , ID(R) radius &R

wa& € is Simple zero of T"+ Co)T™ +: + Cntoy=0
then 3 v <R and PE QuPn) $t- P10)=Wo
P " e+ Cazo on i

Pf : residue theorem

Corolla\r] : 88 Xis RS and xe X
Peny: Thec 7™+« cn T € O TT2
And. compasite evaluation map :
ph = T G T™+ 4 Cacw € ETTI

has n distinct zeros wi--wn . Then 3 P,... Pa & Ox

Theorem §4:  PTy= TN T "™ +Cn € M TTI is irceducible
polynomial of’ c{sjoree n. Then 3 (Y, T, F) st

iy Y s RS.

Uiy T i n-gheeted branched holo.

air)y Femey), G*P)F)=o

tv) ﬂw any (2.7, 6) fa'h‘x:ﬁes Gy, Gy, i)
Jie

2 —Y
(&

< T st s¥F) =G
>X

(Y, 7/ F) is called a\ljebrarc Joancmn deﬁned b\'j [1%0)
g‘bEP I: Theorem &4 allows us to delete some bad points :

throw them into A

tir_collect the point v‘f Some. Ci... Cn are not hulomorphfc on it

dis Collect the point f]l’ Ay =0 on it , ACMW) is the discriminant
°f pev

(he Ceawm, .., Caod, by the Fundamental theorem on gymetric funcﬂan )

in other words, XEXNA, Ci... Cn are hnlornm,;hr(_ and A #o

Goal : KD = T GQW T N+ + Catxy € CCTI 05 Sepanable ﬁ' any
and un:ly comllay &8 th xe X’

ui)
S’tq: 2: Consbruct  Y'— X’ unbranched and apply Thm &4
Det C Toyotvrcnl space associated to a Preshmf ) R ois topo. space
Fis s presheaf®. (\fl=1(e')x Sx

0 i open in X, €0, {3 0L a0l SIFL, (L) notation)
Facts  without me’ ¢ P«va 43, GTm &)

L tofs ﬁrm topo. basis of’ (F!

2. pilfl > X
3 If X 15 R.S. with fhmf O or M, 10l or [ml 1% Hawdwﬁ?

local  homeomorphim

n
st Piov=wi oand  PCTI= T CT-0)
=



\f]—i f‘f&Oﬂ] Pee ;O,fél some X |,
consider T':X'—> X’ canonical projection
b\lj the carollm\\j, for ¥ xe X', then 3 open net'?hbumaud
vexX’ and f’. ][),, €0V, b PLTJ:;ITT,LT—ff-)
then W= Ye O |aw open S5+ Xew and
jd’—fnzo on Onw [ = IQ Cu,ﬁj
To,7] are clfjjm‘nt Sinte AW £0
T lcofia —0 1 homeomarphism
so T s a coven‘(\j map
The connected Components DJP ¥ are Riemann ;a(f%(u
So W' ig c.;ver.‘l\\j map on each component
and ' is proper
Lthe ey rs that =’ ﬂm‘ta»SMet covering ©
I is compact , Y %e 1<, find elamanhz:y open ne:‘yhborhaad Ux

Ux Covers 1€ => f)fnn‘te cover K2 U Ux

nite
wlugy e U wx)

ﬂm’tc
So TCIL) g Compact )

g'bCF’g Constmct F ‘27 Continued muomo/fhl‘wlly

Let JD;\('—>@ be the evaluation map

' pull back the pol ‘al = 0 c(n‘m)Jp "'a'wc nl
wse To Pa e PO\,\DMIB => ﬁ\j)f \ d L\7) "“‘.ﬂo
ﬁ’ any ae*{’.
B\\J theorem &4 extend T Y'—o X to T —> X
it means Cionl' can he continued maromuvPhicaly , 117 &2
JO S continwed mero. called FE€ Mmcy)

@pIF) =0

§~{;¢P [T Y' s connected
(Note X' s not connected , then Y may not be connected )
uppose Y has f}n-ﬁzly Ir\a\n] connected  components Y. - Yie

ni its coveriry numher ,  then 4 +ne =N

Use the elemerrfa\r/ ammetn‘c on Fly; , PicD Coeﬁfu‘enfs

nmx)

PI‘(T)J PCT)  gince (h*P)LFf):o

$o PLT) = puiT) TR but it s irreduuple

>Aut (M (X))

o G‘:Jp 1—)\7[),51

Dedlc Y %) f.'xes M)
if CTEMN) f: o, GJP: om og ! = oTL,=Jp
7 J gons=g
by f,‘bu Pmem‘ry

So the [n\ayz of & iS5 in  Aut (M(Y)/TTMY))

- G)roul') homomorphism Peck (Y /%)

Theorem : % s RS KE2MW ond PCT) €IKTTI is monic and

irreducrble of d\eym n. let (YmF) be the a\lyebmfc fur\cﬁan

by peD ond L=ms. Then LIk is fleld extension of) degree
ond L = jettd /pehy. And Decle(Y/X) —> Aut(LIl) isomorphism
The covu-‘/ﬁ is Galois <> LI is Cualois

ff PLF):O ¢o we have eval homo. |KTTI|[(pcly) —>L

b\/ £33 => both el are of a{%jwee N over ¢ => omophim
injective ;J(’ SF=F ﬁ: any  FeMCY)

IJ@ Foc'=F =>c6=id JU Rigity
;uv]‘mwe, VA& Autcllie), then (Y, &, &F) ¢ otill
a(\c]ebrarc JDUV\CTI‘M b\\] pcn), Since AF is also the root 1P
b\j the uniqueness. 3 TE Decle(Y/x)
Lz

St dF= FoT™=TF
lecta/pun) i (Tmmred b\nj =

Last gtatement : |AutCLi (= T L:ika
since Galois Covering => acts franitively on Tx
[Deck CYNY) |=n  => [Autlll)|=n= Tk 3

the converse s Similar




EmmPlz &lo - f‘” =(2-Q) - (Z-Qn) distinct roots , € M (P Gi) Suppose r> max Qi -.., (anil

l7LT)=T‘—JO Vs (zeC| Izlzr] , U= 0*ufso]l 2> ID

A=fa,.,an7 0 f00F write Jp: 2"F, F is holo and non»vam‘s’h:‘:\j

X=IPNA L Y'= XD () s odd, fczz:zvhiz;

Y

> X’ is  2-sheated unbranched holo. (@) n s even, fcilf he)

Theftﬁrl every function 3em\ St P= JD can be analytically for case L), one point in Y over oo

Continued along evey carve lying in X’ cose (T),  two points in Y over o=

Congider exceptional points

(') chowse rj 20 smail enough  $:t no other points of’ A - Puiseax Expansion -

lies in the disk C(z11 s ﬁerd of oll  Laurent Series with finite principal

uJé f2eC | 1z-a51 <1} part , (2= 2' Ci2', ez , CieC

j(%): ;[gLZ»Qu) non-vanishing  on Uj Converﬁky in focizlerl , v derd on .
So 3 halamwfhit h: U‘]‘ —> C St hi-:j @(fzﬂ a4

fcz): cz—aj’)-h"

congider ocPeri -f:a‘}‘fﬂ e Theorem : Fcz w) = W'z W +--+anez) € ClfzNCw2

2 > i
ERY gem Yf e 0g st th, :fJ ifreduciple . Then 3 Lourent series €(§) = :%z Crf
g
¥t = IF - e € hep s RO

thig fanmun Jerm a/onj the care ¥ = aa-*pe“’ Pfu Chovse r $mall enoﬁh , Qi) E MPm)

0c®c2r, then we obtain negetive Germ Fcz,w) € M(Dm)Twa , choose v Small enough §b-
, & s

UJ‘*: UJ \(aj) , \/f:k"(uj"} FGzw)edtwl has no muttiple roots ﬂr eoch 2 in Pw\o
(1) VJat is Connected => 2-sheeted Covering map o, Tv/f) ) i a\lyebfa:‘c ﬁmctfm deﬁaed by Fezow)

.» __bihalo. . L i n-gheeted proper . holo -

\ / “e T bPL(’/
/21—>z" and () '\\]‘

ContradiCtivn So Teadl )= §"

. DU)
(@] \/J'* S not Connected, split into two c:y!a —sheeted Covemj

*

U

is a'wa:ys Connected => K."Laj) contains only one point ond F(ﬂ,f) =0

=2 F(meg, for)zo = Feg™, g™ =0 \](17)' \f’:\fm




