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Let Λ = αZ+ βZ ⊂ C be a lattice. E = C/Λ is an elliptic curve.

C/Λ ∼= C/Λ
′

iff Λ = γΛ
′
for some γ ∈ C.

How can we classify these elliptic curves up to isomorphism?

That is for what τ, τ ′ ∈ H we have

Λτ = Zτ + Z ∼= Zτ ′ + Z = Λτ ′ ?

4 / 30



Modular Curves
Modular Functions and Modular Forms

Hecke Operators

τ ′ = γaτ + γb,

1 = γcτ + γd .

for some a, b, c , d ∈ Z such that,

τ ′ =
aτ + b

cτ + d
,

[
a b
c d

]
∈ SL2(Z).

Hence each point on Γ(1)\H represents an class of elliptic curves.
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SL2(Z)/{±I} is generated by

S =

[
0 −1
1 0

]
, and T =

[
1 1
0 1

]
,

with action on H:

Sz = −1

z
, Tz = z + 1.

Let D = {z ∈ H | |z | ≥ 1, |Re(z)| ≤ 1
2}, which is called the

fundamental domain for Γ(1), we have the following picture.
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Fundamental Domain for Γ(1)

Figure: Some translations of D
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How to classify an elliptic curve E with a point C of exact order N
?

(C/Λτ , 1/N)
m−→ (C/Λτ ′ , 1/N)

This means that first τ ∼ τ ′ under Γ = SL2(Z).
m = cτ ′ + d , and we have

cτ ′ + d

N
− 1

N
∈ Λτ ′ .

Hence (c , d , a) = (0, 1, 1) mod N. Thus we define

Γ1(N) =

{[
a b
c d

]
∈ SL2(Z) :

[
a b
c d

]
=

[
1 ∗
0 1

]
mod N

}
.
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Modular Curves over C

Y1(N) := Γ1(N)\H⇝ (C/Λ,C )

Y0(N) := Γ0(N)\H⇝ (C/Λ, ⟨C ⟩)
Y (N) := Γ(N)\H⇝ (C/Λ, (P,Q))

where

Γ0(N) =

{[
a b
c d

]
∈ SL2(Z) :

[
a b
c d

]
=

[
∗ ∗
0 ∗

]
mod N

}
,

Γ(N) =

{[
a b
c d

]
∈ SL2(Z) :

[
a b
c d

]
=

[
1 0
0 1

]
mod N

}
.
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Compactification and Cusps

Compactification:

Y∗(N)
Adding points−−−−−−−−→ X∗(N)

Those additional points are called cusps.

Γ(1) has only one cusp, namely i∞, and the resulting compact
Riemann surface X (1) ∼= S2, which has genus 0.

The first X0(p) with nonzero genus is X0(11) with has g = 1.
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Genus Formulas

For each congruence subgroup Γ ⊂ Γ(1), we have a natural map

π : X (Γ) = Γ\H ⇒ Γ(1)\H = X (1).

By Hurwitz formula, we have

g(X (Γ)) = 1 +
d

12
− e2

4
− e3

3
− v∞

2
,

where d = degπ, e2, e3 corresponds to number of elliptic points for
Γ of order 2, 3 respectively, and v∞ is the number of cusps for Γ.
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Moduli Schemes

Let C/S be an elliptic curve over a scheme S . In particular, over a
field k , we have the Weierstrass equation

C : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6.

W = SpecZ[a1, a2, a3, a4, a6,∆−1]

Speck → W gives isomorphism class of elliptic curves over k?

Mell := [W /H] is called the moduli stack of elliptic curves, and
Mell(S) does indeed give the groupoid of elliptic curves over S!
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A moduli problem over S is a contravariant functor

ϕ : Ell/S ⇒ Sets

Over Z[1/N] the problem [Γ1(N)] and [Γ(N)] are representable,
while [Γ0(N)] only be relative representable.

Remark: There is a local model around the supersingular locus for
the moduli scheme MN,p of moduli problem [Γ1(N)× Γ0(p)] over
Z[1/N] provided by Zhu, in [Zhu18, Semi-stable].
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A meromorphic function on X (Γ) is equivalent to

f meromorphic on H∗, f (γz) = f (z), γ ∈ Γ

such functions are called modular functions.

There are some h with T h ∈ Γ, hence f (z + h) = f (z) is periodic.

At cusp i∞, f ∗(q) meromorphic at q = 0, q = e2πiz/h.
At cusp τ ̸= i∞, there is θ ∈ Γ(1), with τ = θ(i∞). f (θz) is
invariant under θΓθ−1, we require f (θz) meromorphic at i∞.

14 / 30



Modular Curves
Modular Functions and Modular Forms

Hecke Operators

Modular Forms

Let f be a holomorphic function on H with

f (γz) = (cz + d)2k f (z) for γ =

[
a b
c d

]
∈ Γ;

f holomorphic on H;

f holomorphic at cusps for Γ.

These functions are called modular forms of weight 2k .

Such a modular form vanishing at all cusps are called cusp form.
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Here are some important examples.

Eisenstein series Gk(Λ) :=
∑

ω∈Λ,ω ̸=0

ω−2k . And

Gk(z) := Gk(zZ+ Z) =
∑

(m,n) ̸=(0,0)

1/(mz + n)2k

It is a modular form of weight 2k for Γ(1), with value 2ξ(2k) at
the cusp.

16 / 30



Modular Curves
Modular Functions and Modular Forms

Hecke Operators

∆ := g3
2 − 27g2

3 , g2 = 60G2 and g3 = 140G3.

Modular form for Γ(1), weight: 12. Cusp form.

j := 1728g3
2 /∆

Modular function for Γ(1), with a simple pole at cusp i∞, and
j(i) = 1728, j(ρ) = 0.
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Relation with Elliptic Curves

Recall that over C, any elliptic curve can be written as

E : y2 = 4x3 − ax − b.

And we require ∆
def
= a3 − 27b2 ̸= 0. j(E )

def
= 1728a3/∆.

There is a Weierstrass ℘ function defined by

℘′(z ; Λ) =
1

z2
+

∑
ω∈Λ,ω ̸=0

(
1

(z − ω)2
− 1

ω2

)
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℘′(z)2 = 4℘(z)3 − g2℘(z)− g3.

For any lattice Λ, we define E (Λ) to be

y2 = 4x3 − g2x − g3

Then there is an isomorphism

C/Λ → E (Λ),

{
z 7→ (℘(z) : ℘′(z) : 1), z ̸= 0
0 7→ (0 : 1 : 0)
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Dimension Formulas

Consider ω = f (z)dz a differential form on X (Γ), then we must
have

γ∗ω = f (γz) · d az + b

cz + d
= ω

this is equivalent to f is a meromorphic modular form of weight 2.

Hence we can identity such a modular form with a section of ΩX (Γ)

f weight 2k ⇝ section of Ω⊗n
X (Γ)
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By Riemann-Roch, we can compute the dimension of Mk(Γ).

dimMk(Γ) =


0 k ≤ −1
1 k = 0
(2k − 1)(g − 1) + v∞k +

∑
P [k(1−

1
eP
)] k ≥ 1

k = 1 2 3 4 5 6 7 . . .
dimMk = 0 1 1 1 1 2 1 . . .

Table: Dimension of Mk for Γ(1)

dimMk(Γ(1)) = 1− k + [k/2] + [2k/3], k > 1.
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Proposition 2.1

∆ : Mk−6 → Sk is isomorphic.

M(Γ(1)) =
⊕

Mk = C[G2,G3].

The inverse of ∆ is f 7→ f /∆. For f and ∆ both have zeros at
i∞ ⇒ f /∆ ∈ Mk−6.
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Expansion of ∆ and j

∆ = (2π)12q
∏∞

n=1(1− qn)24, q = e2πiz

Verify f (−1/z) = z12f (z), and dimS12 = 1.

q
∏∞

n=1(1− qn)24 =
∑

τ(n)qn, τ is called the Ramanujan
τ−function.

j = 1
q + 744 + 196884q + 21493760q2 + · · · , with all

coefficients integral.

Remark: The coefficients of j have a closed relation with monster
groups. Moonshine. . .

23 / 30



Modular Curves
Modular Functions and Modular Forms

Hecke Operators

(a) Weight 4 Eisenstein (b) Graph of j

Figure: Graph of two functions
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Ramanujan’s Conjecture

Recall that we have a cusp form of weight 12:

f = q
∞∏
n=1

(1− qn)24 =
∞∑
n=1

τ(n)qn.

{
τ(m)τ(n) = τ(mn) if gcd(m, n) = 1
τ(p)τ(pn) = τ(pn+1) + p11τ(pn−1), p prime, n ≥ 1.
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Hecke Operators

There are such linear operators

T (n) : Mk(Γ(1)) → Mk(Γ(1))

for each n ≥ 1, with relations{
T (m)T (n) = T (mn) if gcd(m, n) = 1
T (p)T (pn) = T (pn+1) + p2k−1T (pn−1), p prime, n ≥ 1

and preserve Sk(Γ(1)).
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Suppose f =
∑

c(m)qm, then let T (n)f =
∑

γ(m)qm, we have

γ(m) =
∑

a| gcd(m,n)

a2k−1 · c(mn

a2
).

In particular, γ(1) = c(n).

Proposition 3.1

If f ̸= 0 is an eigenform, i.e. T (n)f = λ(n)f for all n, then
c(1) ̸= 0. Moreover, if f is nolmalized, i.e. c(1) = 1, then
λ(n) = c(n).

γ(1) = c(n) = λ(n)c(1), c(1) = 0 implies f = 0.
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dimS12(Γ(1)) = 1 ⇒ f is an normalized eigenform.

τ(n) satisfies those formulas for τ(n) = λ(n)
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What’s Beyond

Double coset operators: ⟨n⟩, T (n) : Mk(Γ1) → Mk(Γ2).

Peterson inner product: Sk(Γ1(N)) a Hilbert space.

Sk(Γ1(N)) has orthogonal basis consists of eigenforms of
{⟨n⟩,T (n) : gcd(n,N) = 1}.
Sk(Γ1(N)) can decomposed into ’old forms’ and ’new forms’.
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