Intersection  Forms

A%MMP‘Wan: A/] IS QA closeo( oriented [/“'"’lfo(,

Several  statements:-
Denote ~ the mtasection form of M by Om. HiMZ)x HlMSZ) — Z

Am aan be repre senteo| bj an Iniz?er SYymmetyyeal matviy A

Indeed | let @, e be a bass 0_7[ HolM:Z)

&M(el)el) s~ Bm (e:,ek)‘l

A= ,

) )

| Bmlexe) --- aMLe«,e@m

Remark: The matyiy tepresenting Cm & not Unigue,
let 0, -— Qube @ basic of H*MiZ), B.-- By be ancther basis of

p; ol= (o, - -,
Hm;2),  let Om@.0)=d’AR Om(EB)-FBpB, whee p:c:,m,ﬁ;
P= x-C

then we have B: C—'AC

. 0 1 N o -I| i
s )=
’ Def ( Unimodulavity ) Om is  onimodular if det Gm =2 |
| &3 Om s inertible over 7.

Pemark = Om is onmodular iff Y Z-linear Sunction. f: HoMiZ )—> Z,
VY EHRMZ) FlXEHIMZ) St fru= XY= Qi y)

/




(1 'U’e yank of Gm: Ik Om = rankg Fb (M,‘Z}

é (2) the s?jnaﬁn’e ojl&“: 9,:7,, Om = b;_ bzf

Z, Inwﬁ@nts Of Intersection férms-
(vank, SI9 hature , d efiniteness pavity )

let M be o closed  oviented 4~mfd,' let Om be the intozectipy, form
bef |

1
(diajonalize Om Tnto a ratioml canonicq) form, ard then o Hhe mmlﬁ/m[&_l‘ ] L
1
bt (b)) is the number OJC *]'SH’S) on the 4'agonal..

~ T Yy -

() the definiteness of Om :*Qm is called  positive defmrte  if vk = Sign G
(r if Bubudi)>0 fr ey di&HMIZ) )

"0 Ts calledl ngative clefinite If vank Om =-synlp,
(OY if Omldi,d3) <0, for every ot €Hx (M Z)

* Om js alled indefinia | otherwise

(4) the parity  of Gm :Om is ailel een ~ if OO Is even for ail
¥
cagses di € H (M Z)

(or iac euery melvi  represerting  Om has even &%jonal)

i

| Domark: ©Sign (01082 ) =sigma, +sgn Oy

Sign (M # N) = <ign M =+ spn N/

Sgn fh = —shn M whee i is the manifld M with sz orevatin

© Ar = ~Om  (by finition)
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3.( Connected  Sum) "The  commtod s of o orened  fds M™and yn

denoted ”‘j MIN, is a mid forrneotbv deleting @ ball  fnsile
\—'\MA__\__.

each mafo[o( ano\ 3‘”3 actier  the @sukftj (mw(qj

SRS ¢

% MHN
~ -
M

N

MEN = (M) 4, -
| ( 0)) U (/V\‘Lz.lo)) i;(TU)N‘Zz( ) U ) ueg Smi- .0515‘

whize T — M, W p M, aw EW\&ddm‘jS

TRE. et MV ke a comeoted  clsedl  orenuy Hmfds s,

iter de tion fums Gw ond Qu resPectwelj,mn FM#A/:QM @Q\/v/

’f'" Me: M =ab-bal = M= a 4-hinde
M 2 N-a 4bal & N= o fhandle

Sng  2-howdoyy of M s detomieed by L.2,3 handles.

: /'6.(&)=@g}_/5‘33'_..
% GG~

(= 2 {k-tondles pt } |

kit w is “the 3“1"”!:! of 2-homologps of N and M. I

ten Gman = Cm @ Qu
Pomonk- the Teswts ako hols Jor 6"“‘3 e ____..M DaN .

OV
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Thz: If i3 deffnh‘e unj modular ﬁ)yms A, Q2 have the <ame Yank,

cignature, parity , ten Gy2< Qs lie O is squialent 1o o)

Ex: HOIH] = 2[11® [1]
77)e5 both have rank 3, signatue ~lgnd they ave odd .

K The cignatwe: vanishes  for— boundaries.

| Th3, If M?* is the bounalary of some orfented 5 -mfd W then

sign (m = O

- Covallary = If wo mfds MN e cdonlant, then signCm=sign O

Pf.1f aw=muUNhen O=8gn ( M ONV) = S[gn(-Om) *snlBy )
=3l n@-—s‘,‘?naM

o Th (V. Rokhln) If a smooth oviented 4-mfd M has S9n Qm=0

thn  thve is o Swooth oviented S-mfed W st W=

ébvallavj M % s the boundag of some gyjented 5-manifold W* iff

Sgn Om =0

=) Two 1-}-mfal5 have the same s]jnatwe I they are

coborglant .
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5. Exampls of  onimodulak- intarection.  forms .

Wy St

H($* 2)=0 |, ths Qs is hivial

) Cp?

Ho(@5Z )= 210, whre ] IS o cass of a @mpkx pojatie plain

any two  Pejective line  Intsects at 1 pomt.
yank =1

'H',us QC": IIJ , 9{5{\'_—:1

positive defimite
ool

| rank = 1
T] ac'fz == Qe = l'—l], si;:. =1

negat:ve definite-
odol
) §F xS
HolS25*52)= ZL@ ZIB], whee o= [sxir}] p=[fmyxs}

Jorm the basis of  Ha(5%x5% 2

T T S TNt N D= S

tus Qevg = [: i] | denote it by H

RPN .

Yank = 2

! S49n = O

i indefinite

‘ parity of Os'xs» ? )
loy\ I cannt tell the  parity of Os>xs?, [ c"[fl
Sinve [?.cﬂ [ -’] et C= [ ] fhen

but [1 0] has even d;@nat, [D-l] has  odel dmjonat_ i




W) Comected Sum M= 3cp? _-#:57;_2. #2832
Om = Q( 3CP* # Cp> #26%x5%)

= 3Qp @05 ®2H
= 3[+1] @[] &H

Yank = &€
937\ = 2
indefinite
odd

5) the Eg ~manifold  Meg = B Us, A, whee 2 is o fte 4-tall,

Zpis a homology  3-sphee, Pg, is o spae gatherhg 8 sphoe with. self irtasedtjy

3k
2 and imersecting the other spheve O oy 105 the form Qe =

_ 121019
012 8
100 2. 8’(8
QME, = Q( P Ug )= &ng & la= OPEg
yank = 8,
Sign = 8
positive — definite
oo kS
sented b T e
Remark * QM_c-e @n also be represente j ;_7'_2-,-'_,
042
-l 2
L_ - 88



Th5e (Whitehead ) Two simply  connected , closed, oriented L—mfds

)(,.Xz are hamotopy eyaivalent 'ff Ax, = Cx,y

Th& (.FVG’Qdma") FOT GVGVj un{modular ‘7”"7!617/'(, é//ir)ear ]57/’1
0, thore exists a simply closedf topoloy;cq[ Y -mfd X st

0:( =X. If Q (s even, then X IS wigue up to 6omeomarp4ism.

Ca'allirj A simply  comected closed 4-mfdf s

homeomorphic to S* iff X is homology epuivaknt
to St



