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Background

The J-homomorphism is a map
J: 7.0 — 7,8,

from the homotopy groups of the infinite orthogonal group to the
homotopy groups of the sphere spectrum.
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Background

The J-homomorphism is a map
J: 7.0 — 7,8,

from the homotopy groups of the infinite orthogonal group to the
homotopy groups of the sphere spectrum.

For any odd prime p, write

Im(J), = Im(7r,O — 15— W,S,/,\)

for the image of the p-complete J-homomorphism.
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Background

The J-homomorphism is a map
J: 7.0 — 7,8,

from the homotopy groups of the infinite orthogonal group to the
homotopy groups of the sphere spectrum.

For any odd prime p, write
Im(J), = Im(7r,O — S = W,S,/,\)

for the image of the p-complete J-homomorphism. For r > 0, the map
5;,\ — Lky/pS induces an isomorphism

Im(J), = W,LKU/,,S.

Hence, the image of J is essentially the first chromatic layer of the sphere
spectrum.
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Background

Let G be a finite group. Complex (resp. real) K theory admits a natural
equivariant refinement, denoted by KUg (resp. KOg), which is defined by
equivalence classes of virtual equivariant complex (resp. real) bundles.
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Background

Let G be a finite group. Complex (resp. real) K theory admits a natural
equivariant refinement, denoted by KUg (resp. KOg), which is defined by
equivalence classes of virtual equivariant complex (resp. real) bundles.

The equivariant J-homomorphism
JG: 7TrKOG — 7Tr—ISG

was defined by Segal, analogously to the classical case. Here Sg is the
G-equivariant sphere spectrum.
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Background

Let G be a finite group. Complex (resp. real) K theory admits a natural
equivariant refinement, denoted by KUg (resp. KOg), which is defined by
equivalence classes of virtual equivariant complex (resp. real) bundles.

The equivariant J-homomorphism

Je: mKOg — m,_15¢
was defined by Segal, analogously to the classical case. Here Sg is the
G-equivariant sphere spectrum.

For a G-spectrum X, we have
o 7, (X)(G/H) =[G/Hy AS", X]¢ = 7p(XH) for any subgroup H C G;

e RO(G)-graded homotopy groups 7y (X) = [SY, X]¢ for any
G-representation V.
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Background

Let G be a finite group. Complex (resp. real) K theory admits a natural
equivariant refinement, denoted by KUg (resp. KOg), which is defined by
equivalence classes of virtual equivariant complex (resp. real) bundles.

The equivariant J-homomorphism
JG: W,KOG — 7Tr—lsG

was defined by Segal, analogously to the classical case. Here Sg is the
G-equivariant sphere spectrum.

For a G-spectrum X, we have
o 7, (X)(G/H) =[G/Hy AS", X]¢ = 7p(XH) for any subgroup H C G;
e RO(G)-graded homotopy groups 7y (X) = [SY, X]¢ for any
G-representation V.

We want to study the image of G-equivariant J-homomorphism via the
homotopy of KUg-local sphere.
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Bousfield localization

Let E € SpC.
@ A G spectrum X is E-acyclic if E A X ~ .

@ Amap f: X — Y is an E-equivalence if it induces an isomorphism in
E-homology, i.e., EAX ~EAY.

@ A G-spectrum Y is E-local if for each E-acyclic G-spectrum X,
[X,Y]c=0.
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Bousfield localization

Let E € SpC.
@ A G spectrum X is E-acyclic if E A X ~ .

@ Amap f: X — Y is an E-equivalence if it induces an isomorphism in
E-homology, i.e., EAX ~EAY.

@ A G-spectrum Y is E-local if for each E-acyclic G-spectrum X,
[X,Y]c=0.

Definition

f: X — LgX is a E localization if f is an E-equivalence such that LgX is
E-local.
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Bousfield localization

Let E € SpC.
@ A G spectrum X is E-acyclic if E A X ~ .
@ Amap f: X — Y is an E-equivalence if it induces an isomorphism in
E-homology, i.e., EAX ~EAY.

@ A G-spectrum Y is E-local if for each E-acyclic G-spectrum X,
[X,Y]c=0.

Definition

f: X — LgX is a E localization if f is an E-equivalence such that LgX is
E-local.

o Ls/pX ~ X\
° LS®Z(p)X ~X® Z(p)
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Bousfield localization

Let E € SpC.
@ A G spectrum X is E-acyclic if E A X ~ .
@ Amap f: X — Y is an E-equivalence if it induces an isomorphism in
E-homology, i.e., EAX ~EAY.

@ A G-spectrum Y is E-local if for each E-acyclic G-spectrum X,
[X,Y]c=0.

Definition

f: X — LgX is a E localization if f is an E-equivalence such that LgX is
E-local.

o Ls/pX ~ X\
° LS®Z(p)X ~X® Z(p)

Let E, F € Sp©, foranyXESpG, if EAX ~%x& FAXc~x, then
Lg ~ LF, and we write (E) = (F).
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Background

o [French 09'] gave a splitting KOg(X)) = Wg(X) x WOg(X) if none

of the prime divisors of |G| are congruent to 1 modulo p, such that
WOZ(X) does not contribute to the image of J.
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Background

o [French 09'] gave a splitting KOg(X)) = Wg(X) x WOg(X) if none
of the prime divisors of |G| are congruent to 1 modulo p, such that

WOZ(X) does not contribute to the image of J.
e [Balderrama 22'] computed E*LKUQ/ZSCQ.
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Background

o [French 09'] gave a splitting KOg(X)) = Wg(X) x WOg(X) if none

of the prime divisors of |G| are congruent to 1 modulo p, such that
WOZ(X) does not contribute to the image of J.

e [Balderrama 22'] computed E*LKUQ/ZSCQ.

o [Carawan-Field-Guillou-Mehrle-Stapleton 23'] computed 7, Lxy,Sc
for finite p-groups (p # 2) via the fiber sequence

YE-1
LKUG/pSG — (KUG);,\ — (KUG);,\.
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Background

o [French 09'] gave a splitting KOg(X)) = Wg(X) x WOg(X) if none

of the prime divisors of |G| are congruent to 1 modulo p, such that
WOZ(X) does not contribute to the image of J.

e [Balderrama 22'] computed E*LKUQ/ZSCQ.

o [Carawan-Field-Guillou-Mehrle-Stapleton 23'] computed 7, Lxy,Sc
for finite p-groups (p # 2) via the fiber sequence

YE-1
LKUG/pSG — (KUG);,\ — (KUG);,\.

o [Balderrama 24'] constructed an RO(G)-graded equivariant
J-homomorphism.
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We compute 7, Lky.Sc for finite abelian groups.
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We compute 7, Lky.Sc for finite abelian groups.
@ When G is not a p-group, the fiber of

£
(KUg), ja (KUg)p

is not the KUg/p-local sphere.
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We compute 7, Lky.Sc for finite abelian groups.
@ When G is not a p-group, the fiber of

g—1
(KUg), e (KUq)p
is not the KUg/p-local sphere.

@ When G is a finite 2-group, nontrivial extension problems arise in
determining the homotopy G-Mackey functors.
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(2 ) Lkue/pSc as a homotopy fiber

Yingxin Li On the equivariant KUg local sphere for finite abelian groups



Geometric fixed point

Let F be a family of subgroup of G, let EF and EF be G-spaces such

that
(EF)H = pt |fH€‘]-"’ (E?)H: pg |fH€..7-"'
1] otherwise SY  otherwise

Definition

Let F be the family of all closed proper subgroups of G, the G-geometric
fixed point is defined by ®¢(E) := (E A EF)°.
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o f: E — Fis a weak equivalence if and only if ®(f) is an
equivalence of spectra for all subgroups H.

o PC(EANF)~dC(E)ADC(F) but (EAF)® £ ECAFC.
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o f: E — Fis a weak equivalence if and only if ®(f) is an
equivalence of spectra for all subgroups H.

o PC(EANF)~dC(E)ADC(F) but (EAF)® £ ECAFC.

e For any finite group G and normal subgroup N, a G/N-spectrum X
can be regarded as a G-spectrum via G — G/N; this is denoted by
Inf& X, ®NInfg 5 (X) ~ X but (Infg,p X)N 2 X.
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o f: E — Fis a weak equivalence if and only if ®(f) is an
equivalence of spectra for all subgroups H.

o PC(EANF)~dC(E)ADC(F) but (EAF)® £ ECAFC.

e For any finite group G and normal subgroup N, a G/N-spectrum X
can be regarded as a G-spectrum via G — G/N; this is denoted by
Inf& X, ®NInfg 5 (X) ~ X but (Infg,p X)N 2 X.

KU, ¢) H2G,

o PHKUG ~ { ,
* otherwise
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Lku,/pSc as a homotopy fiber

Let G be a finite nilpotent group, and let Cyc be the family of all cyclic
subgroups of G. For any prime p, let N, be the Sylow p-subgroup of G,
and let g be a topological generator of Z; /{=1}. Then for any finite
G-spectrum X, there is a fiber sequence

Licug/pX — (ECycy A Inf§, KOw, AX)p =5 (ECycy A Inf§, KO, AX)).

v
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Lku,/pSc as a homotopy fiber

Let G be a finite nilpotent group, and let Cyc be the family of all cyclic
subgroups of G. For any prime p, let N, be the Sylow p-subgroup of G,
and let g be a topological generator of Z; /{=1}. Then for any finite
G-spectrum X, there is a fiber sequence

Licug/pX — (ECycy A Inf§, KOw, AX)p =5 (ECycy A Inf§, KO, AX)).

v

Sketch of proof:
o (KUg/p) = (ECycy AInf§ KOw,/p).
o (ECycy N Inff KOw, A X)py is ECycy AInf§ KO, /p local.
e X — fib(¢8 — 1) is a KUg/p equivalence.
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LKU(;/pSG = (EC_yC+ A Inf,c\';lp LKUNp/pSNP);\.
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LKU(;/pSG = (EC_)/C_|_ A Inf,c\';lp LKUNp/pSNP);\.

Let G be a finite nilpotent group with Sylow p-subgroup N,, and let N be
the subgroup of G such that G = N, x N. Defining the following
N-Mackey functor:

o Ay(N/K) = A(K).
o Jy(N/K) = J(K) :=ker(A(K) — RU(K)).
° LNN = An/In-
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LKU(;/pSG = (EC_)/C_|_ A Inf,c\';lp LKUNp/pSNP);\.

Let G be a finite nilpotent group with Sylow p-subgroup N,, and let N be
the subgroup of G such that G = N, x N. Defining the following
N-Mackey functor:

o Ay(N/K) = A(K).
o Jy(N/K) = J(K) :=ker(A(K) — RU(K)).
° LNN = An/In-

Proposition

For any N,-spectrum E such that E is S/p-equivalent to ECycy N E, we
have an isomorphism between G-Mackey functor

., (ECycy AInffy E)p = (m,E ® A/J, ).
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Proof of m,(ECyc, AlInfy E)) = (x,E @ A/J,)p.

We compute the G-fixed point of (ECycy A Inf,?,P E);,\ via the formula

(x® Infg/Ny)N ~xN@yeSpt/N  vxe Sp®,ye Spé/N.
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Proof of m,(ECyc, AlInfy E)) = (x,E @ A/J,)p.

We compute the G-fixed point of (ECycy A Inf,f,P E);,\ via the formula

G/N G/N

(x@InfE yy)V ~xN oy e Sp Vx € Sp°,y € Sp

@ Let X be a pointed N-space. Regard X as a G-space via the quotient
map G — N. Then, as an N,-spectrum,

(2 Inf§ X)N ~ InflP (59 X))
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Proof of m,(ECyc, AlInfy E)) = (x,E @ A/J,)p.

We compute the G-fixed point of (ECycy A Inf,f,P E);,\ via the formula

G/N G/N

(x@InfE yy)V ~xN oy e Sp Vx € Sp°,y € Sp

@ Let X be a pointed N-space. Regard X as a G-space via the quotient
map G — N. Then, as an N,-spectrum,

(2 Inf§ X)N ~ InflP (59 X))

e For any H C G, let Cyc! be the family of cyclic subgroups of H. We
have equivalences of N,-spectra

(ECycy AlInfly E)Y ~ (ECyclY AInff (ECyc A E)N
(ECyc A E) A (ZFECyc)N,
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Proof of m,(ECyc, AlInfy E)) = (x,E @ A/J,)p.

We compute the G-fixed point of (ECycy A Inf,f,P E);,\ via the formula

G/N G/N

(x@InfE yy)V ~xN oy e Sp Vx € Sp°,y € Sp

@ Let X be a pointed N-space. Regard X as a G-space via the quotient
map G — N. Then, as an N,-spectrum,

(2 Inf§ X)N ~ InflP (59 X))
e For any H C G, let Cyc! be the family of cyclic subgroups of H. We
have equivalences of N,-spectra
(ECycy AlInfly E)Y ~ (ECyclY AInff (ECyc A E)N

(ECyc A E) A (ZFECyc)N,
@ Then we have equivalence
(ECycy A Inf§, E)C = (ECyc” A EYNe A (555 ECycM)V.
o After p-completion, we get \/Tecyc((KUNp)NP)ﬁ.
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When E = LKUNP/pSva we have

E*(LKUG/PSG) = E*LKUNP/PSNp 1z, (L/JN);J\
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When E = LKUNP/PSNP’ we have
E*(LKUG/PSG) = E*LKUNP/PSNp 1z, (LNN)S

When p is an odd prime, E*LKUNp/pSNp is computed in
[Carawan-Field-Guillou-Mehrle-Stapleton 23].

Lemma (Carawan-Field-Guillou-Mehrle-Stapleton 23")

Let ker,{k} := ker(m, KUy, “= x,KUp,), and let
coker,, {k} := coker(m, KUy, "= m,KUp,). Then

(A/J,)p ©ker,{2d}  n=2d,

L Sg = ’
ThtKUg/p2G {(A_/JN);,\@)cokerp{Zd} n=2d-1

Yingxin Li
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© A computation for p =2
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Forp=2

When N, is abelian, we compute E*LKUN2/25N2 via the fiber sequence

LKUN2/25N2 (KON2)2 (KONz)
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Forp=2

When N, is abelian, we compute E*LKUN2/25N2 via the fiber sequence

Liuy, /25N — (KOw,)3 — 5 (KOw,)5-

Define kery{k} := ker(m, KO, iy 7 KOp,), and
coker,{k} := coker(m; KOp, = 7w, KOp,). We have

(RQ(T))2 k=0
RO(T;R)® Z/2{nu?} k=8d+1
RO(T;R)® Z/2{n?u} k=8d+2"
0 otherwise

@2{k}(N2/T) =
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Forp=2

coker {k}(N2/T) =

T;R
T;R

RO(T;
RO(
RO(

cyclic G CT,t>2

@cyclic TCK Zé\
RO(T;R)® Z/2* D e ( & Z/22+t+v2(d))

cyclic G CT,t>2

R) ® Z/2{nu}
)eZ/{nu'te( @ Z/2)
)

cyclic G, CT,t>2

RZ/2® & ( &) Z/2t1)

cyclic Gt CT,t>2

72t

where v is the 2-adic valuation.

k=0
k=8d,d+0
k=8d+1
k=8d+2
k=8d+4
k=8d+6

Yingxin Li

On the equivariant KUg local sphere for finite abelian groups




Extension problems

When k = 0, we need to study the exact sequence

0 — RO(=iR),, {n}/2 5 Tolkuy, 25m = (RQ,,)3 — 0.
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Extension problems

When k = 0, we need to study the exact sequence
0 — RO(=:R),, {n}/2 = ToLkuy, 250, = (RQy, )5 — 0.

Let V:= G x G, and let A, B, C C V be the three subgroups of order
two. Then J(V) = Z is freely generated by

Xv = ([V/A = )([v/B] - 1)([v/C] -1) - 1.

It follows that X acts by zero on RQ(V) and on coker{1}(V/V).
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Extension problems

When k = 0, we need to study the exact sequence

0 — RO(=iR),, {n}/2 5 Tolkuy, 25m = (RQ,,)3 — 0.

Let V:= G x G, and let A, B, C C V be the three subgroups of order
two. Then J(V) = Z is freely generated by

Xv = ([V/A = )([v/B] - 1)([v/C] -1) - 1.

It follows that X acts by zero on RQ(V) and on coker{1}(V/V).
However, Szymik shows that X is not in the kernel of the unit map

A(V) = TF(;/SV — WoLKUv/zsv.
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Extension problems

When k = 0, we need to study the exact sequence
0 — RO(=:R),, {n}/2 = ToLkuy, 250, = (RQy, )5 — 0.

Let V:= G x G, and let A, B, C C V be the three subgroups of order
two. Then J(V) = Z is freely generated by

Xv = ([V/A = )([v/B] - 1)([v/C] -1) - 1.

It follows that X acts by zero on RQ(V) and on coker{1}(V/V).
However, Szymik shows that X is not in the kernel of the unit map

A(V) = TF(;/SV — WoLKUv/zsv.

So if y is any element of 7§ Ly, /Sy lifting the identity of RQ(V), then
X x y is a nonzero 2-torsion element. Thus the surjection
7§ Lkuy, j2Sv — RQ(V) does not admit an A(V/)-linear splitting.
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Since N> is a 2-group, &QNZ =~ LNNZ, and the Hurewicz map

(An,)2 = ToLkuy, 25n, =+ (RQ,, )3
induces a morphism of Mackey functors

On, = Iy, — RO(—;R)N2{77}/2.
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Since N> is a 2-group, &QNZ =~ L/JN; and the Hurewicz map

(An,)2 = ToLkuy, 25n, =+ (RQ,, )3
induces a morphism of Mackey functors

On, = Iy, — RO(—;R)N2{7]}/2.

With notations as above, there is a natural isomorphism of Mackey

functors
L . (ANQ) ® RO(=iR),, {n}/2
ToLlkuy, /29N, = U-0n0):Jj€ (JNz) 1
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Since N> is a 2-group, &QNZ =~ L/JN2' and the Hurewicz map

(An,)2 = ToLkuy, 25n, =+ (RQ,, )3
induces a morphism of Mackey functors

On, = Iy, — RO(—;R)N2{7]}/2.

With notations as above, there is a natural isomorphism of Mackey

functors
L . (ANz) ® RO(—:R),, {77}/2
ToL-KUp, /2 Ny = {J — 9[\/2( ) J € (JNz) }

When Ny =V, let p\y be the regular real V -representation. Then

ev(Xv) =Mn-:py E RO(V;R)/Q - n.

68
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Lemma (Tornehave 84', Bouc 06, Bartel-Dokchitser 15')

For every subquotient K/L = Cy x Cy of Ny, J(Ny) is generated by
XK,L = tl’%z(XK/L).
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Lemma (Tornehave 84', Bouc 06, Bartel-Dokchitser 15')

For every subquotient K/L = C, x Cy of Ny, J(Ny) is generated by
XK,L = tr%z(XK/L).

Proposition

Let Ny be a finite abelian 2-group. There is an isomorphism of N>-Mackey

functors
(An,)2 ® RO(—iR), {n}/2

{j—0n,0):J € (JNz)z}
The map 0y, is determined on the generators Xy | by

On, (Xk,L) =1 Z X-
x:No—{£1}
LCker(x)

oL kuy, /25N, =
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Lemma (Tornehave 84', Bouc 06, Bartel-Dokchitser 15')

For every subquotient K/L = C, x Cy of Ny, J(Ny) is generated by
XK,L = tr%Z(XK/L).

Proposition

Let Ny be a finite abelian 2-group. There is an isomorphism of N>-Mackey

functors
(An,)2 ® RO(—iR), {n}/2

{j—0n,0):J € (JNz)z}
The map 0y, is determined on the generators Xy | by

On, (Xk,L) =1 Z X-

x:No—{£1}
LCker(x)

oL kuy, /25N, =

Indeed, this determines the Hurewicz image of A(N,) — WQ'QLKUNz/QSM
for finite abelian 2-groups.

Yingxin Li On the equivariant KUg local sphere for finite abelian groups 17 /23



Similarly, when k = 8d + 1, we have the following extension

Ap,/2 @ coker,{8d + 2}
{r — 08d+1(r) re I8d+1}.

Tgd+1Lkuy, /29N, =

Here 6gy11 is determined by the case Np = G4 and Mo = G x G.
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N e

We recover Liy, S via the arithmetic square

LkueSe — 11, Lkue/pSa

! !

LKU@@QSG — (Hp LKU@/pSG)Q

Let G be a finite abelian group, and let N, be its Sylow p-subgroup. We
have

A, ®RO(=R),, {n}/2

Al i, ® —T-om0riein =0
T lkucSe = g k=—

Q/Z@(Hpcokerp{o}@)A_/JG/Np) k= —

Hp Txlkug/pSc otherwise
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@ Relation with equivariant Morava K-theory
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A viewpoint from equivariant chromatic homotopy theory

Let G be a finite abelian group. For H C G, let
K(H,1) := G/Hy AK(1) A EFpyg € Splyy.

Then K(H,1)*(X) = K(1)*(¢"X) for X € Sp°.
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A viewpoint from equivariant chromatic homotopy theory

Let G be a finite abelian group. For H C G, let
K(H,1) := G/Hy AK(1) A EFpyg € Splyy.

Then K(H,1)*(X) = K(1)*(¢"X) for X € Sp°.

Let G be a finite abelian group, let Cyc be the family of all cyclic
subgroups of G, and let N, be the Sylow p-subgroup of G. For any prime
p and any G-spectrum X, there is an equivalence of G-spectra

LKUG/pX = LVHeCyc,HﬁNp:e K(H,I)X = \/ LK(Hvl)X'
HeCyc,HNNp=e
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Sketch of proof

® KUg/p is Bousfield equivalent to \/ e e prn, =g K(H,1).
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Sketch of proof

® KUg/p is Bousfield equivalent to \/ e e prn, =g K(H,1).
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Sketch of proof

® KUg/p is Bousfield equivalent to \/ e e prn, =g K(H,1).

o Ly X = |nfg/H F(EG/Hq, Li1y®"X) A EF g
@ Let / be a set of subgroups of G, and let H be a subgroup of G such
that for all N € I, H is not a subgroup of N. Then for all X € SpG,

there is a pullback square of G-spectra

LVNEIU{H} K(N,1)X — LK(H,l)X

! !

LVNe/K(Nvl)X LK(H71)LVN€IK(N71)X'
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® KUg/p is Bousfield equivalent to \/ e e prn, =g K(H,1).

o Ly X = |nfg/H F(EG/Hq, Li1y®"X) A EF g
@ Let / be a set of subgroups of G, and let H be a subgroup of G such
that for all N € I, H is not a subgroup of N. Then for all X € SpG,

there is a pullback square of G-spectra

LVNEIU{H} K(N,1)X — LK(H,l)X

! !

LVNe/K(Nvl)X LK(H71)LVN€IK(N71)X'

° LK(H171)LK(H271)X ~ x for all Hy # H, with H1 N N, = e.
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RO(G)-graded homotopy

For any V € RO(G),

Tylkye/pSc = EB Ty LU, /PN,
He Cyc,pt|H]

where ny y is the dimension of WA

Sketch of proof: For any V € RO(G),
ToLk(H1)Se Z T lnfS/H F(EG/Hy, Lk(1)S)[Frp]
= TI'EHF(EG/H_A,_, LK(l)S) = LK(l)S*”V,H(BG/H)

= LK(l)Sinv’H(BNP) = 7Tr?v,l-/LKUN,,/PS’VP‘
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Thanks!
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