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Definition (Knot)

A knot is a (piecewise) smooth embedding St — R3.

Definition (Knot diagram)

A knot diagram is the image of a regular projection of a knot to
R? with indueced under-/over-crossing structures on double points.

Theorem (Reidemeister)

Two knots are isotopic if and only if their diagrams are related by a
finite sequence of Reidemeister moves.
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a finite sequence of Reidemeister moves.
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Definition (Tangle)

A tangle is a smooth proper embedding (/) U (LUS?) — B3,

Two tangles are isotopic if and only if their diagrams are related by
a finite sequence of Reidemeister moves.

m Orientations on / and S! induce orientations on knots and
tangles.

m Oriented links and tangles are equivalent classes modulo
orientation-preserving isotopies.
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Reshetikhin—Turaev functor: oriented tangles — vector spaces
Ingredients:

m A vector space V over a field F.
m An R-matrix R € Aut(V ® V).
m A ribbon element h € Aut(V).
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Reshetikhin—Turaev functor: oriented tangles — vector spaces
Ingredients:

m A vector space V over a field F.
m An R-matrix R € Aut(V ® V).
m A ribbon element h € Aut(V).

satisfying some™ conditions, e.g. the Yang—Baxter equation:
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Reshetikhin—Turaev functor: oriented tangles — vector spaces
Ingredients:

m A vector space V over a field F.
m An R-matrix R € Aut(V ® V).
m A ribbon element h € Aut(V).
satisfying some™ conditions, e.g. the Yang—Baxter equation:

(l@R)o(R@No(l@R)=(R®1)o(I®R)o(R®I).

Sources of such ingredients: Representations of ribbon Hopf

algebras
p: A — End(V).
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Reshetikhin—Turaev functor: oriented tangles — vector spaces

% A VeV VeV Vev:
[ e e AU
v VeV F F
v 5 VeV F F
[ e B e e e
v* VeV Ve v Vie Vv
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The Reshetikhin—Turaev functor
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Reshetikhin—Turaev functor: oriented tangles — vector spaces

% A VeV VeV Vev:
[ e e AU
v VeV F F
v 5 VeV F F
[ e B e e e
v* VeV Ve v Vie Vv

u(1) =Y & @hle). J(1)=Y ewe,

n(x®f)=f(hY(x)), n'(f®x)="~f(x)
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Reshetikhin—Turaev: oriented tangles — vector spaces
Example: the 41 knot

T ly®1ly @ R® 1y

T 1y R @1y ®1y

T u® ((R®1V)o(lv®u/))
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Example: the 41 knot

v

+ ("etv)o(tver™))en

T ly®1ly ® R® 1y
= y®s

+ weOR el @1y
v®s

T u® ((R@lv)o(l\/@ul))

The endomorphism on V we obtain is a scalar multiple of 1y,.
Plugging indeterminants in R and h gives polynomial invariants.
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Fix a basis B := {e;} of V, R*! € Aut(V ® V) (and h) become

matrices whose entries can be denoted by (Rﬂ):kgj’.
i€
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Fix a basis B := {e;} of V, R*! € Aut(V ® V) (and h) become
matrices whose entries can be denoted by (Rﬂ):kgj’.
i€
To compute the eigenvalue of the End(V/)-valued invariant is to
evaluate a sum of the form
+1\2®a3 41\ 32c—1®a2c
Z (R )ao®al o (R )a2c73®32c72’
ay, - ,ac—1€8
ag=aoc=1 a product of length ¢

where ¢ is the number of crossings of the knot. This sum is the so
called state sum.
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The Reshetikhin—Turaev functor
000000

Fix a basis B := {e;} of V, R*! € Aut(V ® V) (and h) become
matrices whose entries can be denoted by (Rﬂ):kgj’.
i€
To compute the eigenvalue of the End(V/)-valued invariant is to
evaluate a sum of the form
+1\2®a3 41\ 32c—1®a2c
Z (R )ao®al o (R )a2c73®32c72’
ay, - ,ac—1€8
ag=aoc=1 a product of length ¢

where ¢ is the number of crossings of the knot. This sum is the so
called state sum.

Therefore, it requires
c- (dim V)1

multiplications and additions to compute the eigenvalue.
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Example: the 4; knot again

T Talo

1y ®a1g
39 ®a
% aQX 4
32 ®ag
Ras®ay
~ /
a4 ag®35
a4®38
ag\
ag ®ay
Rao®a7
|20
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Example: the 4; knot again

Ta10

aio
—1y33®a1g
(R )ag®32 2
as a\t
2
(rrl)%@g_3r
dg Razgas ag®ap Razgae
a5 ®ay a5 ®ay
ag,ay ,a
a3 35 a sy | 73098079 (R,l)zjgzg 35
a4 (Rfl)zgg?
4 ®ag a
ag\ ag
g ®ay g ®ay
o ®a7 a0 ®ar
|20 |20

Shana Li

Introduction to Reshetikhin—Turaev knot polynomials



The Reshetikhin—Turaev functor

(L. 2026)
Computing Reshetikhin—Turaev knot polynomials via the presented
method is

O((dim V)" c**2(log c)3),

where k is the number of variables in the polynomial and w grows

at worst O(y/c).
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(L. 2026)

Computing Reshetikhin—Turaev knot polynomials via the presented

method is
O((dim V)" c*2(log ¢)?),

where k is the number of variables in the polynomial and w grows

at worst O(y/c).
Algorithms with time complexity of the form
O(f(i) - p(n))

for an input of size n where p is a polynomial and f is an arbitrary
computable function is called fixed-parameter tractable with
respect to i.
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Definition (Seifert surface)

A Seifert surface of a knot K is a smooth embedding of a surface
F with OF = St into R3 whose restriction to OF is K.
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Definition (Seifert surface)

A Seifert surface of a knot K is a smooth embedding of a surface
F with OF = St into R3 whose restriction to OF is K.

Definition (Genus)

The genus of a knot is the minimum possible genus of its Seifert
surfaces.
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Definition (Seifert surface)

A Seifert surface of a knot K is a smooth embedding of a surface
F with OF = St into R3 whose restriction to OF is K.

Definition (Genus)

The genus of a knot is the minimum possible genus of its Seifert
surfaces.

Proposition

A knot is the unknot if and only if its genus is 0.
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Definition (P)

A decision problem lies in P if there is an algorithm to solve it in
time bounded by a polynomial function of the size of the input.
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A decision problem lies in P if there is an algorithm to solve it in
time bounded by a polynomial function of the size of the input.

Definition (NP)

A decision problem lies in NP if there is an algorithm such that the
problem has a positive answer if and only if there is a certificate
with which reproducing the positive answer is in P.
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Definition (P)

A decision problem lies in P if there is an algorithm to solve it in
time bounded by a polynomial function of the size of the input.

Definition (NP)

A decision problem lies in NP if there is an algorithm such that the
problem has a positive answer if and only if there is a certificate
with which reproducing the positive answer is in P.

Definition (co-NP)

A decision problem lies in co-NP if its negation lies in NP.
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Definition (NP-hard)

A decision problem is NP-hard if there is a polynomial-time
reduction from any NP problem to it such that the problem has a
positive answer when and only when the given NP problem also
has a positive answer.
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Definition (NP-hard)

A decision problem is NP-hard if there is a polynomial-time
reduction from any NP problem to it such that the problem has a
positive answer when and only when the given NP problem also
has a positive answer.

Definition (NP-complete)

A decision problem is NP-complete if it is in NP and is NP-hard.
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Definition (NP-hard)

A decision problem is NP-hard if there is a polynomial-time
reduction from any NP problem to it such that the problem has a
positive answer when and only when the given NP problem also
has a positive answer.

Definition (NP-complete)

A decision problem is NP-complete if it is in NP and is NP-hard.

NP-Hard / NP-Hard

N NP-Complete J/

P=NP=

L NP-Complete

P=NP P=NP
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If NP=£co-NP, then a problem in co-NP cannot be NP-complete.

Unknot recognition

The problem of recognising the unknot (in S3) lies in NP and
co-NP.
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Proposition

If NP=£co-NP, then a problem in co-NP cannot be NP-complete.

Unknot recognition

The problem of recognising the unknot (in S3) lies in NP and
co-NP.

Definition (NP-intermediate)

P£NP if and only if there are decision problems that are in NP but
not in P nor NP-complete.
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There is an algorithm that runs in quasi-polynomial time which
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Unknot recognition

The problem of recognising the unknot (in S3) lies in NP and
co-NP.

Definition (NP-intermediate)

P£NP if and only if there are decision problems that are in NP but
not in P nor NP-complete.

Lackenby, 2021

There is an algorithm that runs in quasi-polynomial time which
decides if a given knot diagram represents the unknot.

Mesmay, Rieck, Sedgewick & Tancer, 2018

Deciding if a diagram of the unknot can be related to the unknot
by at most k Reidemeister moves is NP-hard.
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Haken, 1961

The knot diagram below represents the unknot.
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m There is no known fixed-parameter tractable algorithm for
unknot recognition.
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m There is no known fixed-parameter tractable algorithm for
unknot recognition.

m There is no known algorithm that runs in sub-exponential
time which computes the genus of a knot.

Theorem (Garoufalidis & L., 2026)

The genus bound inequality is an equality for the V,-polynomial
for all 352,152,252 knots with < 19 crossings.
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m There is no known fixed-parameter tractable algorithm for
unknot recognition.

m There is no known algorithm that runs in sub-exponential
time which computes the genus of a knot.

Theorem (Garoufalidis & L., 2026)

The genus bound inequality is an equality for the V,-polynomial
for all 352,152,252 knots with < 19 crossings.

Conjecture

The Va-polynomial (conjecturally) detect the genus.
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m There is no known fixed-parameter tractable algorithm for
unknot recognition.

m There is no known algorithm that runs in sub-exponential
time which computes the genus of a knot.

Theorem (Garoufalidis & L., 2026)

The genus bound inequality is an equality for the V,-polynomial
for all 352,152,252 knots with < 19 crossings.

The Va-polynomial (conjecturally) detect the genus.

If the above conjecture is true, then there are algorithms for the
top two items respectively.
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Definition (Conway mutation)

A knot K is Conway mutant to another knot K’ if there exists a
3-ball B whose boundary intersects K exactly four times such that
digging B out, rotating and filling it back to switch pairs of the
four intersections results in K.
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Definition (Conway mutation)

A knot K is Conway mutant to another knot K’ if there exists a
3-ball B whose boundary intersects K exactly four times such that
digging B out, rotating and filling it back to switch pairs of the
four intersections results in K.
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Definition (Conway mutation)

A knot K is Conway mutant to another knot K’ if there exists a
3-ball B whose boundary intersects K exactly four times such that
digging B out, rotating and filling it back to switch pairs of the
four intersections results in K.

==
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Conway mutation preserves many invariants, but not the genus.
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An ongoing investigation:
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An ongoing investigation:
7 oriented tangles whose mutations have been proved to preserve
the V5-polynomial and the genus.
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An ongoing investigation:
7 oriented tangles whose mutations have been proved to preserve
the V5-polynomial and the genus.
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Figure: 3 of the 7 special tangles.
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