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History of Jacobi Forms

Let e(z) denote e*™® for x € C. Let ¢ = e(7) and ¢ = e(z) where 7 € H
and z € C.

Jacobi forms are meant to be a natural generalization of Jacobi theta
series.
Definition 1

Let L be a lattice of rank 2k with a positive-definite quadratic form
Q(z) and bilinear form B(z,y) = Q(z +y) — Q(z) — Q(y). Given a
vector y € L we define the Jacobi theta series ©,(7, z) by

0y(1,2) = Y e((Q(@)7 + B(x,9)2)),

zeL

where e(x) = e2™2 for x € C (as defined in the notation).
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Motivation

One of the interesting objects is the relations with other types of

modular forms
Siegel Modular Forms
of Degree Two

Maass\Lift

Jacobi Forms
of Index 1

Elliptic Modular Forms Shimura Lift Elliptic Modular Forms
of Half-Integral Weight of Integral Weight
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Definitions of Jacobi groups and group actions

Jacobi forms are complex functions on H x C which are invariant under
an action of the Jacobi group.

The Jacobi group is SLa(Z)? = SLa(Z) x Z? where

(M, XM, X" = [MM', XM’ + X].

For a congruence subgroup T let I'/ =T x Z2.
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Definitions of Jacobi groups and group actions

Given integers k and m, the slash operator is

—c(z T 2
(¢|k7m7)(7’ z) = (et + d)_ke (m ( ( c_:—/_\|_ d+ 1)

.¢<a7'+b Z+)\T+,u>

227+ 2)z2 + Au))

ct+d  er+d

for v = [(CCL Z) , (A, ,u)] € SLQ(Z)J. This defines an action of the

Jacobi group on complex functions of H x C.
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Definition of the Jacobi form

A Jacobi form of weight k and index m for a congruence subgroup I' is
a function ¢ : H x C — C which

@ is holomorphic on H x C,
O satisfies @[y, 7 = ¢ for all v € IV, and
© is holomorphic at each cusp Mioco where M € SLQ(Z)J , that is,

n
¢|k,mM = Z CM <E7r) qn/hcr’
n,r€Z
4mn>r2h

where h is the width of the cusp Mioco of I

Furthermore, we say ¢ is a Jacobi cusp form if in addition to the
conditions above ¢ vanishes at each cusp Mioo for M € SLo(Z)”, that
is, if
n
M = (77 ) n/h T
Blkm > am(y.r)a
n,reZ
4mn>r2h
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Structure Theorem

Let Jym(I") denote the vector space of all Jacobi forms with weight k
and index m on a congruence subgroup I'. Let the subspace of cusp
forms be denoted by J; *P(T). Furthermore let M} (I") denote the space
of elliptic modular forms of weight k& on the congruence subgroup I

Given a congruence subgroup I' structurally @, ,,, Jxm(L) forms a
bigraded ring with each Jy ,(I') finite dimensional. Moreover J, «(T) is
a module over M, (T).
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Eisenstein series

Ek,m(7—7z) = Z 1‘k,m77
VerL\ry

where

rl=trer{ lih=0={|z (¢ | ).0n]inuez}

Explicitly, this is

2
cz
+2)\ cT+d cr+d )
Y

c,d€Z )\GZ
(c,d):l

where a, b are chosen so that (Z Z) ely.
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Eisenstein series

Eg1=1+ (¢ +56¢+126+56¢""+(?)q
+ (126¢% + 576¢ + 756 + 576¢ L + 126¢~2) ¢°
+ (56¢% + 756¢* + 1512¢ + 2072 + 1512 + 756¢ 2 + 56¢°) ¢° +

Eo1=1+ (¢*—88¢—330-83¢"+(?)¢q
+ (—330¢* — 4224¢ — 7524 — 4224¢"1 — 330¢ ) ¢* + - --

Es1=1+ (¢ +56¢+366+56¢""+(%)g*+--
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Petersson scalar product

Peterason scalar product of ¢ and v defined by

(6, 0) == / vk e 4T /v (1 (7, 2)dV
MHXC
where
dV = v 3dzdydudv (T =u+iv,z =z + iy (v > 0))

The form v~2dudv is the usual SLy(R)-invariant volume form on #;
the form v~'dzdy is the translation-invariant volume form on C,
normalized so that the fibre C/(Z7 + Z) has volume 1.

The scalar product is well defined and finite for ¢,v € Ji m, and at least

one of ¢ and ¢ a cusp form. It is positive-definite on J; ¥, and the
cusp

orthogonal complement of J,_* with respect to (,) is T2

km-
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Coefficients of Jacobi Forms

The Fourier series of Jacobi forms depend on determinant of Jacobi
forms.

Let ¢ be a Jacobi form of index m with Fourier development

S e(n,7)q"¢". Then c(n,r) depends only on 4nm — r? and on r

(mod 2m). If k is even and m =1 or m is prime, then c(n,r) depends
only on 4nm —r?. If m =1 and k is odd, then ¢ is identically zero.

Zc(n,r)qncr _ gf)(T, Z) _ 627rim()\27+2>\z)¢(7_7z + M+ M)
mA2 -2m n+r s r
= g™ (2 )‘Zc(n,r)q +rac
— z c(n T)qn+r)\+m)\2<-r+2m)\

and hence c(n,r) = c¢(n + A +mA%,r + 2m\),
ie., ¢(n,r) = c¢(n’,7") whenever ' =r (mod 2m) and
4n'm —r'? = dnm — r2.
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Coefficients of Jacobi Forms

If k is even, ¢(n, —r) = ¢(n,r) (because applying the transformation law
of Jacobi forms to —I € Ty gives ¢(1, —2) = (—=1)*¢(7, 2)), so if m is 1
or a prime, then

dnm —r? = dnm — 1" = ' =4r (mod 2m) = c¢(n,r) = c(n,r’).
Finally, if m = 1 and k is odd then ¢ = 0 because ¢(n, —r) = —c(n,r)

but 4nm — (—=r)? = 4nm — r? and —r = r (mod 2m) in this case.
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Some Notations

We introduce the functions

1

$10,1 = T (EeEs1 — FE4Es 1),
1 2

P121 = T (E{Es1 — EsEs 1) -

W
Theorem 4

The quotient

) 10 -1 o
21?1%: 2 - CC-I;Q_:_CC_l +12(€—2+< 1) 1q+.“

is —3 /72 times the Weierstrass p-function o(T, 2).
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Hecke operators

(1) (Plrmle) (T, 2) = (T, £2),
(2) (¢|k,mVZ)(T, Z) = fkil Z (CT 4 d) k mmcﬂ_d %
(z Z) €01\ My (Z)
ad—bc=¢

at+b Lz
3) (BlemTe)(r,2) =0 Y > (BlrmM)mX.

MeT1\\M2(Z) X€Z2 /072
det M =¢2

g.c.d(M)=0
g.c.d(M) = O means that the greatest common divisor of the entries of
M is a square.
Vi, Ug, Ty map Ji m t0 Jy 1215 Jiim and Jg m,respectively.
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Modular forms of integral weight

We first develop ¢(7, z) in a Taylor expansion around z = 0.

6(r2) = 3wl
v=0

by the transformation equation,we get

at+b\ __ k+v 2mimce 1 ([ 2mwime 2
Xv (c‘r+d) - (CT + d) XV(T) + cr+d X’/*Q(T) + 21 ( cT+d ) X”*4(T) +..
We define &, for each v

—2mim)*(k +v —2u — 2)!
Gir)= Y )
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Modular forms of integral weight

If ¢ has a Fourier development an e(n,7)g"C", then
Xo = 5 32 32, (2mir) e(n, 7)g" and hence

v—p—2)! (—mn)Hrr—2
G = @np Y (o 3o Bty o 2 Emn) T

— 21 (v — |
o \ 7 \odazs (k+v—=2)!  pl(v—2up)

Let

(g2 (ko 27 = 2)1(2)!
Day(r) = (2mi) > S (7).

To get D1¢, D3¢, -+ of weight k+ 1, k+3,---, we take v € 1/2 + Ny
and replace (k+v —2)! by (k+v —3/2)L.

Theorem 5

the function &, and D,¢(T) are modular forms of weight k+ v on T,
and if v > 0, they are cusp forms.
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Modular forms of integral weight

We give some explicit examples
oo = X (L eton) o
Dyp=> (Z(nr"’ - 2nm)c<n,r>) q",

pis =¥ (X (e
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Modular forms of integral weight

2m
D= D,: Jem@) = My(T) & Sp1(T) © -+ B Sprom(T)
v=0

is injective. Note that half of the spaces My, (') are 0 if —Iy € T';
i particular, for ' =T'1 we have

dim My, + dim Sk19 + - - - + dim Sk 95, (k even),
dim Sp11 + dim Sgys + - - + dim Sgyom_r  (k odd).

dim Jy ,, < {

By the theorem 3, Jj ; = 0 (Vk odd),
and dim Jy ; < dim M}, 4+ dim Siy2 (Vk even).
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Modular forms of integral weight

Since
E671 (7', Z)

E471 (7‘ y Z)
depends on z and hence is not a quotient of two modular forms, so the
map

=1 — (144¢ + 456 + 144¢ Hg + . ..

My 4 & My — Ji1
(f,9) = f(T)Ey1(T,2) + g(T)Ee 1 (T, 2)
is injective. Since dim My_4 4+ dim Mj_g = dim M}, + dim Sy o for all k.

So dim Jy 1 > dim M}, + dim Sj4.
We deduce

Yingming Zhang An introduction to Jacobi forms 6 June



Modular forms of integral weight

Theorem 7

Ji1 is a free module of rank 2 over M, with generators Es1 and Fg 1.
And the map

Do+ Dy Jg1 — My + Skyo

is an isomorphism.

similarly,

Theorem &

J. 5P is a free module of rank 2 over M, with generators ¢191 and

Ei2.1. And the map

7 Cus
My—10 ® My—12 = Ji 4 P

(f,9) — f(T)d10,1(T, 2) + g(T)P12,1(T, 2)

1S an 1somorphism.
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Modular forms of half-integral weight

By theorem 3, the coefficients ¢(n,r) of a Jacobi form of index m
depend only on the "discriminant"r? — 4nm and on the value of r
(mod 2m), i.e.

c(n,r) = ¢;(4nm —1r?), cy(N) = ¢, (N) forr’ =7 (mod 2m).
cu(N) for all p € Z/2mZ and all integers N > 0 satisfying N = —p?

(mod 4m) (notice that u? is well-defined modulo 4m if y is given
modulo 2m), namely

eu(N) ::c<N+r2,7‘)

4m

(any 7 € Z, r = p (mod 2m))
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Modular forms of half-integral weight

o(r,2) = Z Z Z cu (4nm — %) ¢"¢"

© (mod 2m rEZ
( ) T=W (2m) TL_ 4'm

SO D T

u (mod 2m) r=p (2m) N>0

= > (") bmpu(r,2)

u (mod 2m)
where -
ha(7) == 3 cu(N) gV (€ Z/2m)
N=0
and
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Modular forms of half-integral weight

This gives an isomorphism between Jy n,, and the space of vector-valued
modular forms (h.), (mod 2m) on SLa(Z) satisfying the transformation
laws

. 02
B+ 1) = e 455 by (7)
and N
1 T 2mi(pv)
h, | —— e 2m  hy(T
()= Py (")

and bounded as Im(1) — co. The second equality is obtained by the
transformation law ¢ under (t, z) — (%, %)
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Modular forms of half-integral weight

The Petersson scalar product of ¢ and 1 as defined is equal (up to a
constant) to the Petersson product in the usual sense of the
vector-valued modular forms (h,), (g,) of weight k — 1.

Let
¢ = Z h,uem,,ua Y= Zg,uem,,u
p p

be two Jacobi forms in Ji . Then

—k/2 qu dv.
(¢, 9) = \/—F\H > hu(n)gu(v P dud

(mod 2m)
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Modular forms of half-integral weight

W.Kohen proved (Kohen’s plus subspace)

M (4) = {h € My_1 (To(4)) ( h= Nz_:o c(N)qN}
(—1)F~1N=0,1 (mod 4)

is isomorphic to Mai_o(1) as modules over the ring of Hecke operators.

Theorem 11
Z N)¢" — Z (4n — r2)q"¢"

N>0 n,reZ
—N=0,1 (mod 4) 4n2r2

gives an isomorphism between M;_1(4) and Jy 1 (k even). This

2
isomorphism is compatible with the Petersson scalar products, with the
actions of Hecke operators, and with the structures of Mz—: ~1(4) and
2

J«1 as modules over M. (M:_;(4) = EBkM;_l(él) is a module over M,
2 2
by h(1) — f(4r)h(r) (h€ MT [ (4) f € M,)
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Siegel modular forms

The Siegel upper half-space of degree n is defined as the set H,, of
complex symmetric n X n matrices Z with positive-definite imaginary
part.

Span(B) = {0 € Man(R) | MM = o}, oo = (1] ") s
on Hy by

=—— 1
C D Cz+D (1)
A Siegel modular form of degree n and weight k with respect to the full

Siegel modular group I';, = Sp,,,(Z) is a holomorphic function
F : H,, — C satisfying

F(M-Z)=det(CZ + D)*F(Z)

<A B>. _ Az+ B

where M = <é g) e T', with A, B,C, D being n x n matrices, and

M-Z = (AZ+ B)(CZ+ D) ! for Z € H,.
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Siegel modular forms

If n > 1, Siegel possess a Fourier expansion of the form

F(Z)=> AT)e(trTZ),
>0

where the summation is over positive semidefinite semi-integral (i.e.,
2T;;, Ty € Z) n x n matrices T,
z

Ifn=2,7 = <Z T,> with 7,7 € H, z € C, Im(z) < Im(7) Im(7").

n
r/2
the Fourier expansion is

similarly T = ( T/j) with n,7,m € Z, nm = 0, 2 < 4nm, and

F(Z)=Frzr)= 3 Alwrm)emrirzin)

n,r,me”
n,m,dnm—r2>0

Yingming Zhang An introduction to Jacobi forms 6 June



Siegel modular forms

The relation to Jacobi forms is given by the following results.

Let F be a Siegel modular form of weight k and degree 2 and write the
Fourier development of F in the form

F(r,2,7) Zg{)mTz mt'),

Then ¢ (T, 2) is a Jacobi form of weight k and index m.
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Siegel modular forms

a 0 b 0
01 00
c 0 d O
00 01
and
1 0 0 pu
A1l u O
0 0 1 —X
0 0 0 1

belong to I'y and act on Ho by

(T,z,r’)|—>(

ar+b z ; cz?
e
cr+d er+d’ ct+d)’

(1,2,7') —> (T,z F AT, T 202+ )\27') ,
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Siegel modular forms

Let ¢ be a Jacobi form of weight k and index 1. Then the functions
|V (m > 0) are the Fourier-Jacobi coefficients of a Siegel modular
form ¥ ¢ of weight k and degree 2, where

Vo(r,2,7) =3 50(B|Vin) (T, 2)e(mT’).

Theorem 12 gives the injective map
F M) — Jro X Jp1 X Jga X -
And theorem 13 give the map
Voo Ik — Mi(I2)
such that the composite
Tt 5 Mi(T2) L5 T Jiom 25 i
m>0

is the identity. Thus ¥ is injective and its image is the set of F' with
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Siegel modular forms

F=7(7(F)), ie. of Siegel modular forms whose Fourier-Jacobi
expansion has the property ¢, = ¢1|Vin(¥Ym).
Since, ¥ ¢(1,2,7)=>.  nrmez Aln,r,m) e2mi(nT+rz+mt’) formally,
n,m,Anm—r2>0
then ¢|Vyu(7,2) =3 nrez A(n,r,m)e?™(7+72) and by the
n,dnm—r2>0

property of Vi,

4 .2
Anrom) = S d e (n”ZlQ T)

d|(n,r,m)
(n,r,m)#(0,0,0)

1),

A(n,r,m) = Z dk_lA(%,g,l) (Vn,r,m)

obviously, ¢ (47”37;7"2) = A("#,
Thus

Qs
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Siegel modular forms

Let M} (') a subspace of My (I'2) consisting of the Siegel modular
forms whose coefficients satisfy this condition.

The space was studied by Maass. He called it the "Spezialschar". We
established inverse isomorphisms

M (T2) &= Jia.

Combining these with the isomorphism Ji, 1 — M}, /2 (4), we obtain
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Siegel modular forms

Theorem 14

If h(1) =>_ N>0 c(N)g" is a modular form in Kohnen’s
—N=0,1 (mod 4)

"plus-space ”MJ_1/2(4), then the numbers A(n,r,m) defined are the

coefficients of a modular form F in Maass’ "Specialschar "M} (T'2). The

map h — F is an isomorphism from MJ_1/2(4) to My (I'2), the inverse
map being given

(N) = A(n,0,1) if N =4n
A= A(n,1,1) if N=4n—1
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Siegel modular forms

Finally, 7" is compatible with the action of Hecke operators in J; ; and
My (T3), i.e. that there is an algebra map ¢ : Tg — T from the Hecke
algebra for Siegel modular forms of weight k and degree 2 to the Hecke
algebra for Jacobi forms of weight k and index [ such that

V(@) T=7(6|(T)) VT eTs.

And Andrianov proved that Tg is generated by Ts(p) and Ts(p?) with
p prime. We choose the generators are Ts(p) and

T§(p) = Ts(p)? — Ts(p?).
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Siegel modular forms

The map ¥V : Jy1 — My(T'2) is Hecke-equivariant with respect to the
homomorphism of Hecke algebras v : Tg — T defined on generators by

UTs(p)) =Ts(p) + "' +p72,

UT6(p)) = P + " HTy(p) +2p* 2 + p* 4.
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Saito-kurokawa conjecture

Andrianov associates to any Hecke eigenform F' € Si(I'y) the Euler
product

_ —Qk— — —3— —6— -1
Zp(s) = TL(1 = o0 + () — p 2 4)p 25 =y p?h=589) 4 ptk—0-ds)
p

where F' | Ts(p) = vpF', F'| Tg(p) = 7, F.

Saito-Kurokawa Conjecture(theorem )

The space S} (I'2) C M (I'2) is spanned by Hecke eigenforms. These are
in 1-1 correspondence with normalized Hecke eigenforms f € Sor_o, the
correspondence being such that

Zp(s)=C(s—k+1)((s—k+2)L(f,s).
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Saito-Kurokawa lifting

The Saito-Kurokawa lifting can be constructed as the composition of
two linear maps

Moy—2(SL(2,Z)) = Jr1 — My(T2).

Yingming Zhang An introduction to Jacobi forms 6 June



	History of Jacobi Forms
	Motivation
	Basic definitions about Jacobi forms
	relations with other types of modular forms

