The Functoriality of The Postnikov Tower
Peng Huang

Here I will introduce the Moore tower, Whitehead tower and particular the Postnikov tower. I will show
how to construct a Postnikov tower of a 0-connected CW complex and discuss the functoriality of the Postnikov

tower. On the other hand, I will give an example to show that the Moore tower has no functoriality.

The extension lemma

Let (X, A) be a CW pair, Y be path-connected. If m,_1(Y) = 0 for all n such that X \ A has cells of
dimension n , then f: A — Y can be extended to a map X — Y .
Proof :

Assume inductively that f has been extended over the (n—1)-skeleton X"~ ! (containing A ) . Then an
extension over an n-cell exists if and only if the composition of this n-cell attaching map S"~! — X"~ ! with

f: X" — Y is nullhomotopic.
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The Postnikov Towers

For a 0-connected CW complex X | one can construct a sequence X,, such that m;(X) = m;(X,,) for i <n
and WZ(JA(;) =0fori>n.
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For every generator of (S"*1 X) in m,,,(X) , by the cellular approximation theorem one can make it to
be cellular. If we attach a e"*2 to X by this cellular map, then one has :
(1) m(Y) =2 mi(X) for i < n since the i-skeletons of Y and X are the same, by the cellular approximation
theorem, one can make (S*,Y) homotopic to (S% X) .
(2) m,41(Y) = 0 since the generators in X are nullhomotopy in Y .
Let X =Y and repeat this process, one can get a CW complex X,, such that (1) : mp(X) — 71';@()/(\;) is

an isomorphism for k& < n and mx(X,,) =0 for k > n .
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X—=>X (any map can be turned into a fibration up to homotopy)
im Xn ={(2z1,22,-+) | 22— @1, 23— 22, ---} is a subgroup of [] X, .
Propositon

(1) Consider X : (N, <) — (Top) , if for each n , i,, : X, — X,,41 is a closed inclusion and X, is a Ty
space, then for the functor C, : (Top) — (Comp) one has colimnC’.(Xn) = C’.(coliman) , INOreover :

colimnHk(Xn) = colimn(Hk(C.(Xn))) = Hk(colimnC.(Xn)) = Hk(C.(coliman)) = Hk(coliman) .
Similarly, colim m(X,) = m1(colimy X,,) since S* is also T, .
(2) Consider (N, >) N (Top) == (Gp) , if p, : X1 — X, is a fibration for each n , then the unique

map Wk(m X,) — M 7k (Xp) is surjective. And it is injective if the map 7, 1(X,) — 71 (Xn_1)

is surjective for n sufficiently large.



3 in
\\ ~ . -
\ =<
V AN | ~limg X
N Xpogy<—" "7
X3 =— lim, X, ln—1
X2 \ X2 Sk
| i !
X, X,
Proposition

The unique map X — M X, is a weak homotopy equivalence, X is a CW approximation to [im X, ,

since m(X) — ’/Tk(éilnl X,) — lim 7k(X,) is an isomorphism for n sufficiently large.
Principal fibrations

A fibration p : E — B with fibre F' is called equivalent to a principal fibration if there is a homotopy
equivalence F — M}, where k: B — K such that the diagram commutes.
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Thus one must have a weak homotopy equivalence F' — QK .

The induced fibration p’ : M} — B is called the principal fibration induced by p: £ — B .
Proposition

A 0-connected CW complex X has a Postnikov tower of principal fibrations.
<= 71 (X) acts trivially on 7, (X) for alln > 2.

Any 1-conected CW complex X has a Postnikov tower of principal fibrations.
k-invariants

If the fibration p : X,,41 —> X, is principal in the Postnikov tower, then one has an induced fibration
ky : X,, — K(m,41(X),n + 2) with fibre My, (homotopy equivalent to X, 1 ) .
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Thus there is a fibre sequence K (7,(X),n) — X,, — X,, 1 — K(mp,,n+1) .

ko @ X, — K(m,1(X),n + 2) is a class in H""?(X,,;7,.1(X)) called the n-th k-invariant (Postnikov
invariant) of X (By the Brown representation theorem, H""2(X,,; 7,41(X)) = (X, K(mp1(X),n+2)) ) .
The Whitehead tower

For a O-connected CW complex X , one has the commutative diagram such that W, — W,,_; is a
fibration with fibre K (m,(X),n — 1) for each n

W,
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where 7, (W,,) — m(X) is an isomorphism for &k > n + 1 and 7, (W,,) =0 for k < n .

Proposition

For CW pairs (X, A) where cells in X \ A have dimension k& > n + 2 , then there is an induced map
(AY) — (X,Y) .

If 7,,(Y) =0for n >n+ 2, then (A,Y) — (X,Y) is injective.

If 7, (Y)=0forn>n+1,then (A,Y) — (X,Y) is surjective.



The functoriality of the Postnikov tower in Ho(Top,)

Consider the category of the tower-like diagrams, the object is the Postnikov tower P(X) of space X , the
morphism is f]] f, where f: X — Y | f, : X,, — Y}, (assume that all are 1-connected) .
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Consider the inclusion i, : X —> X, , then there is a unique [f,] such that [/, o f] —> [f,] where

P Y =Yy, fo: Xy — Y, , thus f, : X, — Y, is well defined.
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Proposition

If f is a homotopy equivalence, then f, is a homotopy equivalence.

For the homotopy inverse ¢ , one has

fnogn:(fg)n:]]-Yn ) gnofn:(gf)n::ﬂ-Xn .

Take f =1x ,Y = X | then for two section X,, and X/, they are homotopy equivalent.



Commutativity with k-invariant

For two Postnikov towers of X , one has X,, and X/ are homotopy equivalent, then one has the diagram

comimutes.

heq
X, X!
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Thus H""2(X,,; w0 11(X)) = (X, K(m011(X),n 4+ 2)) = (X, K (M40 (X), 0+ 2)) = H'2 (X m,10(X)

The Universal Coefficient Theorem for Homotopy

Define the homotopy group with coefficient 7, (X; G) = (M (G,n), X) , for n > 2 there is an exact sequence
of Abelian groups

0 — Exty (G, mny1 (X)) — m(X;G) — Hom(G, 7, (X)) — 0 .

The Moore tower

If X is 1-connected, then X has a Moore tower (commutative diagram) of principal cofibrations.
Xn
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X —> M(Hy(X),3)
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X=X

M(H3(X),2)

in : X, — Xp41 is a principal cofibration inducing the cofibration k], : M (H,+1(X),n) — X,, with
cofibre Cj, (homotopy equivalent to X3 ) .
Thus there is a cofibre sequence M (H,11(X),n) — X,, — Xp11 — M(H,11(X),n+1) .



The Moore tower has no factoriality

Take an 1-connected X = M(Zy,n)V S™t! | take X,, = M (Za,n) , Xpy1 = M(Zy,n)V S™ = X . By the
universal coefficient theorem one has (M (Za,n), S"*1) = m,,(X; Zy) = Exty_(Z2,Z) = Zs since Hom(Zy, Z>) = 0
. Thus there is a nonconstant map q : M (Zy,n) — S™™! . Consider f =isofoldo(¢V1): X — X .
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If foiy ~iyof,,theng=(qVc)oizoq=(qVec)ofoiy~(qVc)oiyo f,=cmakesa contradiction.



