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From the Adams's classical u periodicity to the
Andrews's motivic wi periodicity in homotopy groups

Reference
1966 Adams On the groups JC DIV 1966

1966 Adams A periodicity theorem in homological algebra
2018 Andrews New families in the homotopy of

the motivic Sphere spectrum

classical chromatic phenomenon

Self map
zdxtsxfisnilponentifzkc Ns t.tk no

null homotopyotherwise f is periodic

To Truestigate the homotopy gps of X

Sg 1 find periodic self map Ed X_X

fpz
compute TIX If ⻔ f local part of ㄤ D

Step 3 compute f torsion part by replace
X b XA cofiber of f

Devinatz Hopkins Smith 1988

ldilpoteucethmlsdfmapfisnwttiHIE tfistri

Ap.hu I finite complex X has type n if n is the
smallest integer such that kit X is many



g

If X is contractible it has type
If Kit X vanishes then so does Kid X

Hopkins Smith 1987 Cperiodicity th m
X is p teal finite Cw complex of type n

⺕ self map fi Edits Xi for some

istKen 4 is an isomorphism and
Klm 4 0 f If msn.k.ci 凶 0

so

KT.fkcnkFpwn.li n 2 P 1

we call this map a Un_map d 2 1

Example
Nishida 1973 K element is ādsj is nilpotent

if kso.ie the only periodic map represented
in Fuss is PEZ ⼆ ⽆的⻔

Adams 1966 Calculate the image of 了⼀homomorphis

discover ur periodic map on to fiber so is so

P 2 ⺕ ⽐ 8S 2 S 2

p 3 ⺕ V1 I Slp Sp
Which induce isomorphism on KCD and

produce infinite families
sqn ig ig SEEqn.IS

where i and c are inclusion andcollapsesso i Sip S S



Adams work gave birth to chromatic homotopy theory
at p 2 Adams V14 三8512 Si
How to get more infinite families other than the

family given in Ct we fix the right part of It and Yt
other maps from TCS to 在 SI and replace the firstmap
的 this map.ie insert some iteration of v4

Suppose we have a map f E ūm们 which can be lit to
T.mu IS Then we can produce elements THE T

8ntmdsfzunzizts.fi2

to
c

Smi S fgm 1 si

P f S8ntm SET 8n.im 5

For homotopy classesof order 2 the following maps
Can be lit to the spectrum 512

y ETCSJ.y2EECSD.PE ⺎了 7

85E 在715 E E T SJ Ey ET lSJ

Remark
PT 8HE 在8m CS is just the infinitefamilygiven in ⽐
Toda showed that the composition
S8 上 过仇 ⽌ Sh t SO is 85 Eat

So 85 can be considered as P operation on a null homotopy

map OEE CSJi.e.si Sip is



Adams Spectral Sequence
Ext il 后 剧 its C

The periodicity phenomenon Can be observed on algebraic aspect

ㄒ丛 Adams 1966 Erez ⺕ a suitable neighbourhood

of the line t 3sci.e.si Í Cts
we have periodic isomorphism

Pr Extiz Extii.tt3
⼼

Prlx hr n.li x

P ⼀ P ⼀ h hi ⼀ h么 ho ⼀

Motivic story
Stable category of Schemes our speed
The homotopy groups have 2 grads the first carries

topology information while the second showcases algebraic

information S
0 so it

S Gm E Spec GET TD
ūmncs010 Smn so

0

smn_zm

ngnynnloevodskyHFIpx.tl pEtlTl Co D

Classical Motivic

Hopfmap g P s2 y Cisco𠮨 卵
represent a element g ET15 x.y 1 x P

y Eacso.ggis not to
g is pent



In ASS.hu represent y In not AS h 4to
h4 0 hk to for the1

While I h4 o

t local part of motivic stable homotopy theory
Tcdsable homotopy theory

Miller square
2 most effective methods of computing Tls are

AS Ext pic 后 后 a s

ANSS Ext𥮴吅 1班 1312 瓦 s 5
connection between them are

Ext ii 后 Extol后剧
CartanEd ⼆ Extil后IYijxsAGbraicNovikovSSSSEyik.tl

后剧
C Thom whim

ExtgglBP

x.BPDAdamsSSST.snSo KAdansNovikovSs
where
I C 2 u V2 CBP xzzz.EU V2

p F 红 红 ⼀ C A 1 1年2 11年2
Q A p 后

Since y coresponding to Gi Miller suggested that
there may be other non nilpotent self maps corresponding to
红 发 E P we call a self map corresponding
to si Wn

When p 2 N l 2 n l 6
N l 8 lil 192



1w 1 15.3 1m l 13 7

lwfl 20셈 12 IWil 416셈 224

巫 Andrews 2017
⼆ w 4 起 Sly Sly periodic map

It Hers 6 infinite
familks.VE后 2 S 了 WE 在6.4LS v3ET g615以

574 ET8 nl5⻔ EETq.li S们 EU E Tu BCS以

Let 9 be the motivic analogue of Adams periodicity P
This periodic operation bring some proper homotopy classes
in Tlp qCS to Tipton qin l S by iterating n time
The above 6 classes are suitable candidate
we have

g UJETL3tzon.ztlz.nl 少 gljyDET8tzon.li 12n 5⻔ etc

Remark
Toda S8 ⼭ Est Sh S SO is 85 2

ofNewfund f _É 2g Tgtii.gg4
574 can be considered as g operation on a null homotopy

map oEEz.IT ie SEE Sgt S

Sketch of proof
Step 1 construct a map call it wit

Step 2 prove it is periodic non.nilpotent



Some notation

shot so_is Sg t 5 un

sˋ sgh
ltomspatraESGEsEndcsnstisly E.ES

gC
zJ

The detention mapCinhilExtiBP_BPxd D sExtACE.FzlDHF
z.intput S and SO

5呵 512
EndCS 别 End
CSIJBPx Zz.EE u v2 A Fz IS 只

T1 Co 1 N l ⼼ 2셈 2 1 15n l 2 1

1313 BP 13P t.tn 1ㄩ 1Unl

D
1 1 I
ㄈ 1 o

h 1 2 0

t i 31

g U 5 in ㄤ 5 are detected by
⼭ 众 ⼜414 in mot ANSS

And in not ANSS pun detects a homotopy class

74EE16 gl SO
0

ㄒ丛 D h hi Dlxi hP.DLxihiDlpcihohT.DE Ǘ C
E



femmarn.hn motivic ANSS
⼜ pas 0 and if413 to

Step1 Existence of map w4 赶 Sly ⾏
Apply derived functor on sequence 4 1 12 we get

ExtiilBP xx.BE day Ext嵹管CBPxx.BR 分
王 X 1 ⼆

y.esExt籝晶CBP BP.BR 15⻔

1 XFP413

There exists a preimage of xipc.us we call it y and
there exists a preinge of y we call it

x.sni

i.int也 is represented

by a ⺕ y xipgia

qxipa13similarhgESGE
sEndcsnstisn E.ES g
HxlEudcgD H xcslgj H.ES yg

7xrsyi o



x is a permanent cycle in mot AWS
for degree reason all differential is trivial

Remark The composition Cow 40i 574xipysl8n_ozdisg gz 2

tsg.is
comparison coli 8 5 235 his

D Lip hi hoh his

Step2 wit is non nilpotent

Adams 66 I v4 过512 512
In our Language element hih can be lit to 5

85

Ext个后 11 Ends们 Ei Ext亡后 HdSH S Ext C后 11 151
⼆ ⼥ 1 h诟 85

235

There is a commutative diagram

篍 ExtpnYEucsjlitsExtpiikso.glD Y ID 难413 574

As Ext ii Ends们 ⺕咷

Exticsfl.ith么 85

Since 5 is non_nilpotent Dex T

如 to for Enzi Dan Dad ⼥ to

xntoforknzl.no is nonnilpotent Then U


