Introduction to intersection homology. Ref: Singular intersection homolagy,

énzg Friedwman
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*[pef (filtered space) A {iltered space is a Haus dor ff topo space X
foge;l'her with a seq. of closed subspaces
X=xX"2x"'2 - 2X1=4

X': i-th skeleton -y connected omponen t of X'-x"1. stratum 5
X"-X"": tregular stratum ; index i : formal olimensions X"* =28 T

[Rmk] 1. X' s always i-dimengion singulari-ries
Ly Xl" X‘=IR"2X1=l.Ulz ?-X':lgva!:a ?-x-d-"'Q

(2 1-cdlim Sina. o-olim sing.

2 - Formal dimension can nos equal +o +opo odhim .

eg  (subspace filiration) (Analeg to subspace +opolagy )
YeX_ Xax" 2 2x°2xtq

we ofef;ne YXY ww Y2y o 2y7y
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We believe i1s a natural wag *otgive SubSPace {ilfmtion -f‘,.— Y.

o

Filter Space is & weak Conolition, with addlitiona| condlitions we obtein
simtifieo{ space ( for simplicity we clo not use stratified space today)

tbef1 The filtered set X satisfies frontier conoition if anytwo strate 7
of X with SNT =@, then SC T . =

CExp] Space net satisfies frontier condlition
H: upper plane 7 Y-axis. Let X=HUY. X*= X 2x1zY 2 ®

XExTzH X -X°:=Y. HAY%& but ¥ §X. {/.:ff}x
\ |

Ele:]B’T%.f#&ﬁ t#&%the closure af any Stradum IS Qa union af strata.” o

[Def] (Stratitied space) A filtered space sa,ﬂsfymj Frontier condition
is a stradified space. o

[(Rmk3 Intersection homolagy Eﬁ(-ﬁ ~BEA frontier condition, Bp A& ¥ space
£ statified space. 0

. Genem,{ pasH—ion . X : ‘?mplicio.l l‘Mf’e;r
i-simplex o in 32nem( pesition of stratum S .'-f
dim (N S) sdimlo)+dim(S) -n

| simplicial complex | 2 man;—fo [ol => Lt's possible o move o~ 1o be
n genera| position with S
[Exp]

- Sfrato: §,=T*- %

S}_: *

6~ is an i-simplex in picture .

v in general position with S,=H{ & we have dim(=ns,) s dimla)+ clim(S§2) -n
=414+0-2=-1
= *&o

we Can alw@s move o not contining xi.



But for pinched torus , it’s impossible to move o vot containing x|

W

Er418g®, pincheol torus ¥ &9 Tj;iz’wd 23 ?fﬂ_] 4’53%“&,} *
i%*ﬁﬁ{iﬁf@ﬁ%‘\’ k4N simplex J 1L R ask Sin\(,ular space B8J1% -
LA E &Y dimions) sdmiey +olim(8) -n BB $it o iB1PT B(S) %% 3 ERALN.
Coef3 fPe.rvers'.tJ) X : filtered sp of formal dim n
- = § strata of X} A perversityon X is @ function
F:F—2 st pIs)=0 if ScX-2x,

e, i Sis a requler stratum =
CRmkIWhy P(S)=0 is tlear when we consider defmi'rion of P-allowable
S"uvvlp(exes~ =
[Def1 X: smplicial filtered sp with generm| perversity $
Ca(x) - Chain complex of X
1- s.'mplex o~ is cotlled F—allowa.ble. .'f
dim(aNS) s i- codim(S) 1 p(s), ¥ stratum § of X -

topo dim formal clim.

Def) A chain $€Ci(X) is P-allowable i Vsimplices of 4 and 34
are p-allowable.

1PCe(X) = {2 Ci(x)|£ s p-allowable}

CRmi] £eIFLi(X), Vsimplex in o andl >%=0 are p-allowable,
So 24 €IPLi(X) . So (Celd), ) vestricts to chain complex
(I'.’fox), d)

[Pef IPH00 := Hu (1% $440)



(RmkJWe come back to the Question: Why P(S)=0 for Scx"-x"*?

O p(S) <o gp Pts1s-1 . 4 c® -4 i-simplex,

olim(enS) s i tn-n+ P(S) £ i-1 & Interjor o]c 6~ is npt contained
in any reqular stratum S

(\Ske‘m“g - (Ihﬂrior of o hos dim l)
Ly o ex™ = PPHENX)= TP HEM - 5)
@£ PO 2o

dim(e0S) < itn-nt p(s) s i+ P(S) alwags holds.
For s‘m')liti-ly/ P(S) =o.

[Rmk] %4184 2L GM intersection homongy , ZleZxnom &M infersection
homology . 41 =& BIRHJ £F , non GM intersection homology B3 chain complex
(IPCalx), Q) 5k 47 - £ ik, 1€ 4§ non GM intersection homology %22 Biw
ni 3} =
CRmk] & - 44 &44-% 28 99 perversity 4% M perversity , 2F 2432548 .

;;%J gM infersection homol,oﬁy A~A-2 ’(g GM perversity AR EL, GM intersection
homolog y 7 rL <€ Bl Z 4 49 -3 69 perversity, GM intersection homology

% non &M intersection homology E2)LE -1 Bmk.

T@E ZF simplicial ntersection homology 8915 % .

CExp4] perversity 23 F intersection homology ﬁgiﬁjj’g‘!*,}f{&&w‘
% Plup) & 1£63 030§, intersection homology R =% 42 H |

Vs
= =X2 x°= o =,
X ‘Aw , X=X2X%=fu} 2 X*= &

For V 0-simplex v
dm (VN V) g dimv+dim, - n +p (V)
=o0+0 —1+F('Vo) ‘-‘F('Uo) -1

P-allowable 0 - simplex {V“ana plv) 21
Vi, va Plw)< 1
For V :t_—sim[))ex e

D‘im(e/\V¢)$dim e ‘\’A;MVO‘-V' ‘lp CVo) =i+0"1+¢_(V.) = Flvq)



'F allowable 1- S;MP,ex {'[Vu Vo, CVo,vid )EVo, v P (oo
L\, V2] P(Vo) <o

W Pw)>1  IPHL(X) =Ha(X)
(i Pluy <o IPHAX) = He (" ",
Gii ) B (o) =0 1P H(¥)=2

1P H.(X) =2, (IP Gex) € CelX) )
Cycles in IFC.[)() (omes f‘rom (apr)

EExP] Filtration impacts intersection ho mology

vz o -
X = X=%X'2 X°= fuu, w}2x
qAY

sivl&ular stratum © v, Vi, Vo
Plvi)=o0

V ﬂ'vS'MPlex Y} ) d'lwl(‘un‘vi) £ 0+0-1 +P(V|') = -1
o
= all o-simplex not allowable

v .‘L-s}mPlex e, dm(eNVi)sd+0-1+ plvi) =0 a’ways hold ¢
So IF Ho[x) :-O/ IEHI[X):Z

[Exp] Subclivision impacts intersection homongy
Vo

X= "2{5&"* x= X*2X'=fu, v, nf2X" -2
v, w V, —
0 P(vVi)=0

olim(vnv;) -1 —* allowable o-simPlex,,: Vs, Vi, V-

ohm(enN) <0 —~——v all :l-simplexes are allowable.

IF H.(X)=2 P lFHo(X) < 2.



CRmk] 4L 12&E : perversity arlif] deyree n $81Q1%. . K G 1 § X 44443, 428 % -4
Perversity 2 43 84 perversty, %% fp-4 perversity. $EL, I Z L dual perversity :

More generally, if X is any R-oriented locally (p; R)-torsion-free n-dimensional stratified
pseudomanifold, we have a Poincaré duality isomorphism

D I;H.(X;R) — IPPH,_(X; R),

AR degree t A 131%, verversity b .G 2%, o

PL Intersection homolq_gy

BAIhZE L PL homol%y,-ﬁg_ﬂ PL intersection homolegy.

Recall simr’iCial complex by example :
waP] k':A / kz=A are s.‘mplicial complex ,
\knl:lk,_|=A is topo Space

Pef1The simplicial complex k' is & subdivision o{ k if k=l
L Y simplex O'F K' € in some Simplex o'f k.

[_De,{_'l(TriangulaLivn) A triavggulutian T O'f & topo sp X is a poir T:-[k,h)
k : locally finite simplicial complex

h:lk|=> X be a homwmorphfsm.

oef] Let T=Ck,h), S=(L.,]) be two triangu lations.
T=(kh) ~ S=(L,7) & jh s simplicial iso

I.'Def] (pL SPACQ) A PL Space is & topo sp X
With ’T:{[acaly finite triangulations s.t.

1) VTe T, subdivisjon a{ T contained in T

W) yYT,8e7T, T,S has common refinement.
% T=(k,h) , S=(L,l). afubdivison T'=(k',R) of T ,

T subdivision S'.:(L’)[) ofS _ s.t. Ck:k'—) iso.




[Def (Directed set ) A dlirecied set is 4 pair (1, <)
where < Suﬂsfqinj (1) tansitive
Gi) refle ive
Gii) Vabe S,3C€ ] withase and bsC
[Rmk] The directed set (I,<) can be viewed as o.ca-teeov
(L2 {Objed: 1€l X ‘
. is
mor : Homl(:,-] ) = { = 0/\3
£D€{l [DimeEG' d:quam) (].J <) :d;rgc-ted set . Ab: ot Of ob 8'f3~
A functor F:iI—Ab s a clirecied oliagram

R £
LRmkT i3 Ai = A

\2) ¢ op to 3

\‘)é = ;N‘l{iz

1 k

C Fact ] Ceolimit of odlirect o‘iyram) E| (‘- edb ,{fi: Ao L}:q)“mfv"g
Gy Ai TisA; Gi) At A
= j
£\ L/‘J' A4

[Construction ] T=(k,R) , S=(L,0) €T
T<S < S equv to a subdivision of T
CEact] (T, s) is a olirected set.

LConstvuction] F : T —4}

T:(kk) — C*(k)
|
S2L,L) > Cil(L)



CRak]  k— k' Gelk) — Gl
?

Ge(k")

[CoV\sTY'(ACiionJ T<S DLL:{___S., I subodliv T'=(k',k) and
U'R:k'— L s iso.

= induces Co (k)2 G(L)
= We only weed to define Culk)—= Gelk)x L)

Define Culk) — G(K)

LExpJ
o Zn ta-‘ [ 1
Teela .Au P : &
K a.k, a,

:-ai; :
Res nuz T, T nva

THAMAE 4 92 420, +0.)

Such map s called subdivision chamn map, and its easy o show

C*(k) - Chfk') .
\? l Commutes {or |<S|<‘$|< ,

Gk
[Defl &, (X) = LimGT(X) , where (7 (Xx)=Culk) for T= Ck k)
TEeT

CRmkY @ l_i_vg C,,T(x) has Concrete conStruction
‘l‘efT

LL'," C.:[X)'-' UC:{X)/N where .grv*?c.—;-gam(

TeT TeT maps 1o Same

Ter
Let [£] clenote the equiv. class.

@ [‘%J: [V'] |H: their image agree in some common Subdl'm'sian.

e.9.
@ @ @ are same elements in CJ‘:(X)



2. Let I be a directed set, L an abelian group, and A: I — Ab an I-directed
diagram of abelian groups, with bonding maps f;; : A; — A, for ¢ < j.
Show that a map A — ¢, the constant functor at L, given by compatible
maps fi: A; — L, is a direct limit if and only if

(a) for any b € L there exists i € I and a; € A; such that f;a; = b, and

(b) for any a; € A; such that f;a; = 0 € L, there exists j > i such that
fija; = 0 € Aj;.

(.‘)) ﬁ a,b GA; mﬁfi',] Lﬁb E"+'§‘/ﬂd #A—é\) st o, b MQPE Aéﬁg'i’f.é.

®X is a PL space with wimissible trianqulations T

let To=(k,h) €T and bt To =1 TET] T subdivisio, F To?

Th
G0 = bm G700 = bpeTtn

Te7 TeT,

CDefl1X . PL space. D‘Zfine Sulx)y= H*(C{* (X))

Cprop] X : PL space . fu(x) ¥ He(X) . where He(X) can be
:ingular or S[mpl«'ciul homol@y wr.t, V¥ 1ria@ula4ion.

[Rmk I PL iniersection homology = Hax (X)

EDQ.][] X: PL fi'fereol Sp s-t. V/ skeleten X'- (s a Subcomp]ex
of any admissible 1riangulation

Dc{ine I'-’-Ci[)(j = l_:_v_v’v 1? Cfﬂﬂ[x) , where IF(*GMT(X) = IF GM[lkl)
TEY

CRmk] * Skeleton Can inhevit 1V anjulaﬁon 'f"om X
wir.t. any admissible 1ria'3ulation.

L Rmk] -F:l'l'raﬁon& parversity 0‘{: X can “move to" |k )>] homeo k .

CFact] TsT' subdivision chain mep V v Gr(x) = (Xx)
restricts to a« map v IP[“’T(X) — 1PET'(x)
Coef P90 (%) = Ha (1P65%(x)) = Lim He(IFCE™T X))

T'e7'

= l-m I HGM'T[)()

TG-‘T

Corapl Lev £ ﬁ[x)

dim( |ag|ns) <i- |—cod.mS+F(S)



toef1 Lek. L is called full subcomplex
Vooek with vertices inl. = oc L

EE’(P] k: "@ ) L= v L s NOT fu" Subarmplcx d‘k
CDefJ CFull 1riav3u|Mian) An aomissible 4riun3u'wtian T ojc PL
fil tered Space X is colled Aull 'frianvqu[a:lim .‘f
X' s ful sub complex d)cX,
LThm] X : PL filtered space .
T full triangulation.
‘T':any subdli viSion of T.
Then TP Cfm,r_} T? CfM’T'(X) 'S an (SO

Clvo] TP &M(x) = He (TP &™(x) )
=H¥([ﬂ;’ IFCyGMﬂ(Y))

TE Ta
M

= Helz* 4 7(x)) = IF H

JT(X)

Singulor homObgiL
Coef] X : filtered space with Gemeral perversity?

S (X): Sin\gu/ar chain comp/ax af)():.e ) SilXx)=3ai— X3
A singubr i-simplex o~:Ai— x s called B-allowable

oS)C { (i codim(5) 4 p15)) — skeleton of &7 § or all strate Sof x

A chain ge S; (%) is F-allwable if all of the smplices in 4 anol o
of the simplices of 2% are P-allouable .

Let TP SEMry) = {4 €8u(x)| £ is F-allawablef

Define singular intersection homology FHS'(X) = Ha (T7 S50 )




CExpd (Singular homology 91 #a simplicial ho mo logy 9 1R)
X is a simplicial {;I’rered space, and the singular simplex o= =>X s
mclusion, Q) e(S)= NS . T4 dm(oa¥s))si-todim(S)+Pcs)
F6 3 de(ons) ci-codimS) 1 pls)

Theorem 5.4.2 Let X be a PL filtered space with triangulation T, and let W C X be an
open subset of X such that W is a PL CS set. Then the composition

_ -1 . ~ _
7MW G) 2 75T (w;6) L 117 MW; 6))

Big pict
19 P 'c ure is an isomorphism. In particular, I? S}fm(W; G) = l’in;M(W; G), and if X is a PL CS set

then 1" $SM(X; G) = I"HSM(X; G).
Rela,tions/zl}o: simplicial| = PL = Singular
full Jso!"e n
triangulation  triavgulation
(Thm 5. 4.2 in Ref)

235 Lntersection homology %% a4l 45152 R, £
433 R4F 0ILd

e'g' orolinay homala\qy PL inter Section hﬁm”/{jy
F:X=Y is a homotopy equiv, J: XY is a_ stratified hom otopy eguiv
then L Ha(x) 25 H, (Y) avel  B(S) = 4y(T) of FIc 7.
Then { induces

IPHEMX) = TYHEM(Y)

CRmk] For more pYops, see ch425 in Pe-f.

[Rmk] 4n ordinary Singular homolggy %4bk , Sngular intersection
homology (s not'easy +o ompute by hand. e R | singular

inter Section hamalo‘gy 83 'ﬁ@fifﬂ +o0ls ,-'ke “ln+ersec1a'«m version
of Mayer se,l"see ChS in Ref .

LRmk] I %4831 2.2 ©.i% J A4F 2] Intersection homotopy

Non GM interse ction homo logy

[E"PJ X i compact (n-1)-climensional filtered space
and assume X has Tegular strata
) i2n-pCvpr-1_ i*d
PH (ex)s 12 ic 02 n-p(iv1) -1
I? H;‘M[X) i< N-p(ivi)-1



n-1-p(qy)
PH"0) 2| i=0

= >P ($v3)

When you look carcﬁ//y, you may think it's strange.

4 povi) <n-18f A i=n-1-FHNAR | izn-1-F(W1) IPH, =0,
i<n-1-Pesvp)= TPHAM0X) peBd TAE Plivl) s % |, £ a8 ¥ 450 0.
MR AT, Bp Plivh) =n-184, & 44 N obs 4 48 FRA RliBBELFE o
4;4? £ off AR EFR 2.

It suggests thot GM intersection homolij done well fwésma”,ﬁ , but
not vigi for lorge’ p !

[Exp] This e_xu»'tple show you Wby M interseciion hamob&y is
not "rvht " hamolejy ‘rhwg.

M: n-dim 3-mf with oM 2 p.
M':= MU, TeMm) with cone pt .

FHS () = Hi (m,oMm) i>N-Pl§7)-1
' = 1 Im(Him) = Hi(Mm,om)) i=n-pliv) -1
Hitm) i< N-B(3) -2

relative homolagy grp

iz n-plv3)-1
b solute homologyﬁfP

HPE)R AL A , 0] KA BR43A degree 0 &4%3% relative homolqu kehavior
e 2 %4 XK.
[ ldea] ZiX, BIA Non &M intersection homolggy
¢ Behavior wrore like velative il
o Agra with @M ntergettion homoloﬁy Jor smal( perversity .

ALl B &SP Eg simplexiid
I/ BB AESK(X,3iG) ¥ BoO.



[oef] Let ST(X3G) €Si(X5§) generated by F-allowable
i simplex ¢ with support Il 151 .
CPefl 4¢- = . -1y’ 3
\Gl¢-2x
[Rmk1 56 is obtained from 20 by throwing owt the simplices with

image in 2.,

[bef] Let IPSi(xi6) = {4€ ST (x;6)) B e ST, (x56) | .
(IFS;(X,‘a) ,3) 'S a chain comp lex , andl then we define
non-GM intersection homology TP H (X i4)=Hy (1% Su(X;4)) .
[Amk1 2y Smplicial 5PL inteysection howology A% fthfgZw.



