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Stack

A stack on a site C is a 2-functor F : C — Groupoids such that for
all coverings {U; — X}:



Landweber exact functor theorem
©0000000

Stack

A stack on a site C is a 2-functor F : C — Groupoids such that for
all coverings {U; — X}:

(1) (Gluing morphisms) For E, E' € F(X), and f; : E|y, — E'|y,
such that |y, = fi|y;,

there is a unique isomorphism f : E — E’ € F(X) such that
fi=flu.



Landweber exact functor theorem
08000000

(2) (Gluing objects) For E; € F(U;) and isomorphisms
®ij : Eilu; — Ejluy with djk o ¢ = dikluy

Eilu, —— Eilu, JE

i

there is an object E € F(X) together with isomorphisms
Qi - E‘U,- — Ej such that ¢j; 0 ;i = ¢;.



Landweber exact functor theorem
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Definition

A morphism F — G of stack on Schys is called representable if for
every morphism X — G with X a scheme, the pullback F xg X is
a scheme.

A stack M is algebraic for the fpqc topology on Sch if there is a
cover Spec A — M for some A.




Landweber exact functor theorem
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Definition

A morphism F — G of stack on Schys is called representable if for
every morphism X — G with X a scheme, the pullback F xg X is
a scheme.

A stack M is algebraic for the fpqc topology on Sch if there is a
cover Spec A — M for some A.

Let P be a property of morphisms of schemes that is closed under
pullback,

.FXgXHf
e " P

X —G

then we say a representable morphism of stacks 7 — G is P if
F xg X satisfies P for every X — G with X a scheme.



Landweber exact functor theorem
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For any scheme X, we define

e My(X): groupoid of elliptic curves over X with
isomorphisms of elliptic curves over X,

® Mg (X): groupoid of 1-dim formal groups over X with
isomorphisms of formal groups over X.



Landweber exact functor theorem
00080000

For any scheme X, we define

e My(X): groupoid of elliptic curves over X with
isomorphisms of elliptic curves over X,

® Mg (X): groupoid of 1-dim formal groups over X with
isomorphisms of formal groups over X.

Proposition

(1) Mg is algebraic with a cover Spec L — M.
(2) Mgy is algebraic with a cover
Spec Z[317 a2, d3, a4, d6, A_1] — Me/l-
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Landweber Exact Functor Theorem

Let F be a formal group law over a graded ring E,, and consider
the functor
he @ X — MU(X) @mu, Ex

from hSp to graded abelian groups. When is hg a homology
theory?
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Landweber Exact Functor Theorem

Let F be a formal group law over a graded ring E,, and consider
the functor
he @ X — MU(X) @mu, Ex

from hSp to graded abelian groups. When is hg a homology
theory?

Definition

An MU, module E; is said to be Landweber-exact if hr is a
homology theory.




Landweber exact functor theorem
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Landweber Exact Functor Theorem

Let F be a formal group law over a graded ring E,, and consider
the functor
he @ X — MU(X) @mu, Ex

from hSp to graded abelian groups. When is hg a homology
theory?

Definition

An MU, module E, is said to be Landweber-exact if hg is a
homology theory.

Theorem (Landweber)

he is a homology theory if for every p, the sequence (p,vi,...) is
regular on E,, i.e. that

vi: E./(p,v1,...vic1) = Ei/(p,va,...Vi—1) is injective.
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In the language of stack

Proposition

Let M be a graded module over the Lazard ring. M is Landweber
exact if and only if M is flat over Mg,.
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In the language of stack

Proposition

Let M be a graded module over the Lazard ring. M is Landweber
exact if and only if M is flat over Mg,.

The flatness means that for every 7,
Spec B —— Spec L
L]
Spec R — Mg

M ®, B is flat over R'.
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In the language of stack

Proposition

Let M be a graded module over the Lazard ring. M is Landweber
exact if and only if M is flat over Mg,.

The flatness means that for every 7,

Spec B —— Spec L
Lo
Spec R — Mg

M ®, B is flat over R'.

Let M be a module over L, then M is flat over Mg, if and only if
for every prime p, the sequence (p, vi,...) on M is regular.

=T — = =
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Proposition

Let R be a (ungraded) commutative ring and q : Spec R — Mg,
be a flat map. Then there existsan even periodic ring spectrum Eg
such that (ER)«(X) = MU.(X) ®, R[u™]. In particular,

(ER)O(X) = MUeven(X) ®L R.




Landweber exact functor theorem
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Proposition

Let R be a (ungraded) commutative ring and q : Spec R — Mg,
be a flat map. Then there existsan even periodic ring spectrum Eg
such that (ER)«(X) = MU.(X) ®, R[u™]. In particular,

(ER)O(X) = MUeven(X) ®L R.

For example, let R be the Lazard ring L with the canonical
morphism Spec L — Mg, then the above construction applies to
produce a spectrum E; s.t.

(EL)+(X) = MUL(X)[u™].

E; is called the periodic complex bordism spectra and is denoted
by MP.



Landweber exact functor theorem
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Elliptic cohomology

Proposition

The morphism F : My — Mg, that maps an elliptic curve C to
the associated formal group Fc is flat.




Landweber exact functor theorem
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Elliptic cohomology

Proposition
The morphism F : My — Mg, that maps an elliptic curve C to
the associated formal group Fc is flat.

Thus, given a flat map C : Spec R — My, we can define the
elliptic homology theory associated with C by

ElS(X) := MP,(X) &, R.
This construction gives a presheaf

Ell : (Aff//\/le//)f/at — hSp.



Sheaf of Eqg-ring
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Sp
Otop ///\7
(AFF/Men) e — hSp (Mar)ee —E"s hSp

Here Sp can be the category of S-module/ symmetric spectra/
orthogonal specta.
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Sp
Otop ///\7
(AFF/Men) e — hSp (Mar)ee —E"s hSp

Here Sp can be the category of S-module/ symmetric spectra/
orthogonal specta.

There is a presheaf O™P of E,-ring spectra on the site (Mey)ét-

Given an affine étale open Spec R S My classifying a generalized
elliptic curve C/R, E = O™P(Spec R) is a weakly even periodic
ring spectrum satisfying:

(1) mo(E) = R,

(2) Gg = C.




Sheaf of Eqo-ring
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Sheaves of spectra

Let C be a site. A sheaf on C with values in the category Sp is a
presheaf F s.t. for all covers {U; — U};¢;, the map

F(U) = holim(JT F(U) = T F(Uy)--.)
i ij

is a weak equivalence.
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Sheaves of spectra

Let C be a site. A sheaf on C with values in the category Sp is a
presheaf F s.t. for all covers {U; — U};¢;, the map

F(U) = holim(JT F(U) = T F(Uy)--.)
i ij

is a weak equivalence.
Let PreSpe denote the category of presheaves of symmetric
spectra, then PreSpc has a Jardine model category structure,
where

@ the cofibrations are the sectionwise cofibrations,

@ the weak equivalences are the stalkwise weak equivalence,

@ The fibrant objects satisfy descent.



Sheaf of Eqo-ring
00®0000

My moduli stack of generalized elliptic curves (every geometric
fiber is either an elliptic curve or a singular cubic in P? with a
node).



Sheaf of Eqo-ring
00®0000

My moduli stack of generalized elliptic curves (every geometric
fiber is either an elliptic curve or a singular cubic in P? with a
node).

obj = {Nét%./\/leu}
N\z N
mor = C\L (b/ Me” / d\(é)c
(Men)er = N 7 N
cov = Cwﬂl ) Mell s.t // \L
./\// Speck — N




Sheaf of Eqo-ring
00®0000

My moduli stack of generalized elliptic curves (every geometric
fiber is either an elliptic curve or a singular cubic in P? with a

node).
obj = {N % M}
N\a* N
mor = C\L (b/ ME” / d\(é)c
_ 7
(Men)er = N' b N
Ni ;N
pi 57,7y
cov = ml/ My ¢ st o7 ‘L
./\// Speck v—f>./\/

Let i : (Aff/Mey)er = (Men)er be the full subcategory consisting
of only the affine étale opens.
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Proposition

i: (Aff /JMen)ér — (Men)é: induces an adjoint pair which is a
Qu;llen equivalence.
i

I>I< . PreSp(m) ﬁ; Presp(Aﬁ:/M

e/l)et ’
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Proposition

i: (Aff /JMen)ér — (Men)é: induces an adjoint pair which is a
Qu;llen equivalence.

i* PreSp(m) p— PreSP(Aff/Me/,)et .

Thus, it suffices to construct a sheaf on (Aff/ Mej)et.-

fibrant f{ I g - I'*.F,.

F e PreSh(Aﬁ,/M

ell )et

If F is a sheaf, then there is a zigzag of sectionwise weak
equivalence i*G — F' + F.



Sheaf of Eqo-ring
0000e00

Descent lemma

Suppose that F € PreSh( AFF /M) and suppose that there is a

graded quasi-coherent sheaf A, on My and natural isomorphisms

for all affine étale opens U — M. Then F satisfies homotopy
descent.

v

It suffices to construct O™P(Spec R) for all étale Spec R — M,y.



Sheaf of Eqo-ring
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Decomposition of My

Suppose that C is a generalized elliptic curve over a ring R, and
that E is an elliptic spectrum associated with C. Then E is
E(2)-local.




Sheaf of Eqo-ring
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Decomposition of My

Suppose that C is a generalized elliptic curve over a ring R, and
that E is an elliptic spectrum associated with C. Then E is

E(2)-local.
ofP —— Hp(bp)*O;;Op My A (Men)p
I <|
(10):0g” —— (I1,(tp)+Op")a (Men)a

(Mei)p = p — completion of My,
(Men)g = Men @ Q.
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O;t:op , (LSS)*O?(pz) (m)p A Mg
l \L LordT
(Lo,d)*(’)ff(pl) —2 ((css)*of?(’;))K(l) Mg

M2 =substack of generalized elliptic curves over p-complete
ring with ordinary reduction,

oy =p-completion of substack of supersingular elliptic curves.
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E.. Realization problem

Let

o E,.: homotopy commutative ring spectrum satisfying the
Adams condition,

@ (: the category of operad,
o F € O: E,-operad,
e A: E.F algebra in E,E-comodules,
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E.. Realization problem

Let

E.: homotopy commutative ring spectrum satisfying the
Adams condition,

O: the category of operad,

F € O: E-operad,

A: E.F algebra in E,E-comodules,

E(A): the category whose objects are F-spectra X with

E.X = A,

morphisms are morphisms of F-spectra which are
E.-isomorphisms.
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E.. Realization problem

Let

o E,.: homotopy commutative ring spectrum satisfying the
Adams condition,

@ (: the category of operad,

o F € O: E,-operad,

e A: E.F algebra in E,E-comodules,

@ &(A): the category whose objects are F-spectra X with

E.X = A,

morphisms are morphisms of F-spectra which are
E.-isomorphisms.

The moduli space T M(A) of all realization of A in Algr is
INE(A).



Obstruction theory
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Simplicial Operad

We want a postnikov system of E..-ring spectra to build
resolutions of T M(A), to construct X € T M(A) by inductively.
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Simplicial Operad

We want a postnikov system of E..-ring spectra to build
resolutions of T M(A), to construct X € T M(A) by inductively.

Let C be an E.,-operad. Then there exists an argumented
simplicial operad T — C s.t.

e Each T,(k) is Xy-free.

@ |T| — C is a weak equivalence.
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Simplicial Operad

We want a postnikov system of E..-ring spectra to build
resolutions of T M(A), to construct X € T M(A) by inductively.

Let C be an E.,-operad. Then there exists an argumented
simplicial operad T — C s.t.

e Each T,(k) is Xy-free.

@ |T| — C is a weak equivalence.

Let sAlgt be the category of simplicial T-algebras in spectra.

X e sAlgr = |X| S AIg|T\



Obstruction theory
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Let X be a simplicial spectrum, then we get

o E.X :={nw— E.X,}n>0, a simplicial graded abelian group.



Obstruction theory
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Let X be a simplicial spectrum, then we get
o E.X :={nw— E.X,}n>0, a simplicial graded abelian group.
o mpEqX 1= mp(mq(E A X)).
o mpq(ENX):=[AP/OAP NST ENX].
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Let X be a simplicial spectrum, then we get
o E.X :={nw— E.X,}n>0, a simplicial graded abelian group.
o mpEqX 1= mp(mq(E A X)).
o mpq(ENX):=[AP/OAP NST ENX].

Proposition (The spiral exact sequence)

There is a long exact sequence :

— Tp—1,g+1(EAX) = mp g(EAX) = mpEqX — Tp_2,g+1(EAX) —
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Let X be a simplicial spectrum, then we get
o E.X :={nw— E.X,}n>0, a simplicial graded abelian group.
o mpEqX 1= mp(mq(E A X)).
o mpq(ENX):=[AP/OAP NST ENX].

Proposition (The spiral exact sequence)

There is a long exact sequence :

— Tp—1,g+1(EAX) = mp g(EAX) = mpEqX — Tp_2,g+1(EAX) —

v

Let T Moo (A) be the moduli space of simplicial T-algebra X s.t.
m«E. X = mgE. X = A, then the geometric realization functor gives
a weak equivalence T Moo(A) =~ TM(A).

&
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Postnikov system for simplicial algebras in spectra

By the spiral exact sequence:
— Tp—1,g+1(EAX) = mp g(EAX) = TpEqX — Tp_2 g+1(EAX) —

If X € TMqo(A), then 7, (E A X) = QP(A) for all p > 0.



Obstruction theory
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Postnikov system for simplicial algebras in spectra
By the spiral exact sequence:
— Tp—1,g+1(EAX) = mp g(EAX) = mpEqX — Tp_2,g41(EAX) —
If X € TMqo(A), then 7, (E A X) = QP(A) for all p > 0.

Definition

Let X € sAlgr. A Postnikov tower for X is a tower of simplicial
T-algebras under X

X—= o= P X = P X— - — PyX,
s.t. for every f : X — P, X,

fo i min(EAX) — T (EAPX), i<n,

and s.t. m;(E A P,X) =0 for i > n.
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Decomposition of T M (A)

Definition
Let X € sAlgr. We say that X is a potential n-stage for A if

A ifi=0
miE. X =
0 ifl<i<n+1

and 7 (E A X) =0 for i > n.




Obstruction theory
00008000

Decomposition of T M (A)

Definition
Let X € sAlgr. We say that X is a potential n-stage for A if

A ifi=0

miE. X =
0 ifl<i<n+1

and 7 (E A X) =0 for i > n.

o’

Let 7 Mp(A) be the moduli space of potential n-stages for A, then
the Postnikov section induces

TMao(A) = -+ — TMn(A) = TMp_1(A) = ... TMo(A).
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Let Ba(M, n) be an E, spectrum with mg . = A and 7, = M for
an A-module M.



Obstruction theory
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Let Ba(M, n) be an E, spectrum with mg . = A and 7, = M for
an A-module M.
If X € TMa(A), Y = P,_1X, then

X ——— By

! |

Y — 4 BA(Q"A,n+1)
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Let Ba(M, n) be an E, spectrum with mg . = A and 7, = M for
an A-module M.
If X € TMa(A), Y = P,_1X, then

X ——— By

! |

Y — 4 BA(Q"A,n+1)

Proposition

There is a natural map E.Ba(M, n) — Ka(M, n) which induces an
isomorphism

homsAlg-,—/BA(X) BA(M) n)) - homsAlgE*T/E*E/A(E*(X)a KA(M7 n))

Here Ka(M, n) = K(M,n) x A € sAlge, 1/, E-
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Let
H"(A; M) = hom

A

Hn(A; M) = Hn(A; M) XAut(A,I\/I) EAUt(A, M)

sAlge, T/E*E/A(A7 Ka(M, n)),
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Let
H"(A; M) = hom

A

Hn(A; M) = Hn(A; M) XAut(A,I\/I) EAUt(A, M)

sAlge, T/E*E/A(A7 Ka(M, n)),

The following is a homotopy pullback square:

TMan(A) —— BAut(A,Q"A)

J !

TM, 1(A) —— H"2(A Q"A)
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Obstruction theory

Let Y € TMp_1(A), then
E.Y > A
| l

A~ PoE.Y —— Ka(Q"A,n+2)
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Obstruction theory

Let Y € TMp_1(A), then
E.Y > A
| l

A~ PoE.Y —— Ka(Q"A,n+2)

There are obstructions 6, € hom A, Ka(M, n)) to

sAlgg, T/E*E/A(
existance of a commutative S-algebra X with E.X = A.
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p-adic K theory

Let E be a K(1) local weakly even periodic ring spectrum, and let
(K))+E == (K NE)p)

denote the p-adic K-homology of E.



Construction of O‘:(pl)
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p-adic K theory

Let E be a K(1) local weakly even periodic ring spectrum, and let
(K))+E == (K NE)p)

denote the p-adic K-homology of E.

(Kp)«<E is naturally a theta-algebra. That is, it has actions of
operators

° (pk, k € Z;,
@ P, lift of the Frobenius,

e 0 satisfying oP(x) = xP + pf(x).
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Obstruction theory fot K(1)-local E,-ring spectra

Let k be a f-algebra, A be a #-algebra under k, and let M be a
A-module.

HZlgg(A/k7 M) = WomapsA,gg(A, KA(M, n))



Construction of O‘:(pl)
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Obstruction theory fot K(1)-local E..-ring spectra

Let k be a f-algebra, A be a #-algebra under k, and let M be a
A-module.

HZlgg(A/k7 M) = WomapsA,gg(A, KA(M, n))

The obstructions to the existance of a K(1)-local Ex-ring
spectrum E such that (KPA)*E =~ A, of f-algebras, lie in

HZ/gg(A*/(KP)*v 9572/4*)7 s > 3.

The obstructions to uniqueness lie in

Hj\/gg(A*/(KP)*v QS_lA*), s> 2.
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Construction of O
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K(1)

Let E1, E> be K(1)-local Eo-ring spectra such that (K)').E; is
p-complete, and f : (K}')«E1 — (K}')+E2 be a map of graded
f-algebras.



op

Construction of O

K(1)
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Let E1, E> be K(1)-local Eo-ring spectra such that (K)').E; is
p-complete, and f : (K}')«E1 — (K}')+E2 be a map of graded
f-algebras.

@ The obstructions to the existance of a map f : E; — E5 of
E.-ring spectra which induces f, lie in

Higo (Ko ) Ex/(Kp)e, T HK)LEi), s > 2.
The obstructions to uniqueness lie in

Haig, (Kp)«E1/(Kp)s, (K1 Ei), s > 1.



op

Construction of O

K(1)
008000000

Let E1, E> be K(1)-local Eo-ring spectra such that (K)').E; is
p-complete, and f : (K}')«E1 — (K}')+E2 be a map of graded
f-algebras.

@ The obstructions to the existance of a map f : E; — E5 of
E.-ring spectra which induces f, lie in

Higo (Ko ) Ex/(Kp)e, T HK)LEi), s > 2.
The obstructions to uniqueness lie in

Haig, (Kp)«E1/(Kp)s, (K1 Ei), s > 1.

@ Given such a map fabove, there is a spectral sequence:

Haigy (K3« E1/(Kp)es (Kp)« E2[t]) = m—t—s(Eso(Ey, E2), F).
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The Igusa tower

M2d(pk): moduli stack whose R-points is the groupoid of pairs
(C,n) where
e C/R: ordinary generalized elliptic curves,

o 1: Glp*] = Clp*].
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The Igusa tower

M2d(pk): moduli stack whose R-points is the groupoid of pairs
(C,n) where
e C/R: ordinary generalized elliptic curves,

o 1: Gm[p] = C[p¥].
These assemble into the Igusa tower

or |' or or or
Melld( <) = Melld( ) e//d(P ) — Melld‘



Construction of O} "
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The Igusa tower

M2d(pk): moduli stack whose R-points is the groupoid of pairs
(C,n) where
e C/R: ordinary generalized elliptic curves,

o 1: Gm[p] = C[p¥].
These assemble into the Igusa tower

or |' or or or
Melld( <) = Melld( ) e//d(P ) — Melld‘

o Every map M (p**1) — M (p¥) is an étale Z/p-torsor
((Z/p)*-torsor at k = 0).

K(1)
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The Igusa tower

M2d(pk): moduli stack whose R-points is the groupoid of pairs
(C,n) where
e C/R: ordinary generalized elliptic curves,

o 1: Gm[p] = C[p¥].
These assemble into the Igusa tower

)
MEF(p™) =3+ = MG (p?) = M (ph) — MEF.

o Every map M (p**1) — M (p¥) is an étale Z/p-torsor
((Z/p)*-torsor at k = 0).

o Ifk>1(k>2ifp=2), M%(pk) = Spf(Vi) for some
p-complete ring V.

o M%d(p>) = Spf(VL), and V) is a 6-algebra.

— = =

K(1)
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M (p>) —— Spf((K})o)

| |

ord
_—
Me” M fg

is a pullback.




Construction of O;(pl)
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M (p>) —— Spf((K})o)

| |

ord
_—
Me” M fg

is a pullback.

If there is an elliptic spectrum E associated to an ordinary elliptic
curve C : Spf(R) — M2, then

(KI;\)()E = W,

here Spf(W) = Spf(R) x o M (p™).



Construction of O‘:{’l)
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op

Outline the construction of 02(1)

e First construct tmfy (1) = K(l)(Mg,’,d) as follows: If p > 2,
then M29(p) = Spf(V41), we construct

tmf (p)°¢ = 0120, (V1)

along with an action of (Z/p)* through E.-ring maps. Set
tmfk(1) = (tmf (p)ord)h(Z/p)*
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op

Outline the construction of 02(1)

e First construct tmfy (1) = K(l)(Mg,’,d) as follows: If p > 2,
then M29(p) = Spf(V41), we construct

tmf (p)°¢ = 0120, (V1)

along with an action of (Z/p)* through E.-ring maps. Set
tme(]_) = (tmf( )ord)h(Z/p)X.

@ Then construct Oto” in the category of tmfq)-algebras.
K(1) (1)



Construction of O} "

K(1)
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o Since M%9(p) = Spf(V4) is formally affine, we can pullback
over MZ(p™) to get (K}).(tmf(p)°), then the vanishing

of obstruction groups guarantee the existance of tmf(p)°.



Construction of O} "
K(1)

000000800

o Since M%9(p) = Spf(V4) is formally affine, we can pullback
over MZ(p™) to get (K}).(tmf(p)°), then the vanishing

of obstruction groups guarantee the existance of tmf(p)°.

o (KD)o(tmf(p)k()) = Vi



Construction of O} "

K(1)
000000800

o Since M%9(p) = Spf(V4) is formally affine, we can pullback
over MZ(p™) to get (K}).(tmf(p)°), then the vanishing
of obstruction groups guarantee the existance of tmf(p)°.

o (Kp)o(tmf(p)k(1)) = V&

o If p =2, then we replace K with KO, and construct tmfyy)
directly s.t. (KO2).(tmf(p)k()) = KO« ® VL.



Construction of O} "

K(1)
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There is a relative form of obstruction theory for K(1) local
E.-ring if we work in the category of K(1) local commutative
E-algebras: The obstructions live in HS, , (Ax, M) where

A/gsv*
W, = (K)).E.



Construction of O} "
K(1)

000000080

There is a relative form of obstruction theory for K(1) local
E.-ring if we work in the category of K(1) local commutative
E-algebras: The obstructions live in HS, , (Ax, M) where

A/gev*
W, = (K)).E.

Suppose that W, and A, are even periodic, and that Ag is étale
over Wy. Then for all s,

j\/ggv* (A*v M*) =0.




Construction of O;(pl)
000000008

Let Spf(R) £ M2 be an étale formal affine open, consider the
pullback

Spf(W) —— Mg (p™)

! |

Spf(R) ——— M.



Construction of O;(pl)
000000008

Let Spf(R) £ M2 be an étale formal affine open, consider the
pullback

Spf(W) —— M (p™)

! |

Spf(R) ——— M.

All obstructions vanish.



Construction of O;(pl)
000000008

Let Spf(R) £ M2 be an étale formal affine open, consider the
pullback

Spf(W) —— M (p™)

! |

Spf(R) —— M9f.
All obstructions vanish.
Given a map Spf(Rz) — Spf(R1):
o = MoMags ((W1)., (W2).).

@ The mapping spaces A/gtme(l)(El, E>) have contractible
components.

° [E1, B2l Algym,

We get a presheaf

(9?8) (Aff/(/\/lg,r,d)ét)o” — Commutative tmfy ;) algebras.
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