The Euler Characteristic
Transform and Its
Applications to Deep
Learning



Euler characteristic For a simplicial complex K, we define the Euler characteristic y as

oo

X(K) = 3 (~1)" |Kal, (1)

n=0

where |K,,| denotes the cardinality of the set of n-simplices. The Euler characteristic is invariant
under homeomorphisms and can be related to other properties of K.



Filtrations The Euler characteristic x(K ) describes a simplicial complex K at a single scale. To
obtain a multi-scale view, we equip K with a filter function. Let K be a simplicial complex and let
f :R™ — R be a scalar function. Restrict f to the vertex set (0-simplices) of K, and extend it to
any simplex o € K by

~

flo) = nggf(T),



f: 8" 1xR*=R
3
(€,7) — (x,6), )

where £ is a direction (viewed as a point on a sphere of appropriate dimensionality), and (-, -) denotes
the standard inner product. For a fixed &, we write f¢ := f(,-). Given a height h € R, we obtain a
filtration of K" by computing the preimage f~ '((—o0, h]). The ECT is then defined as:
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e For the synthetic data sets, we add DECT as the first layer of an MLP with 3 hidden
layers. Each

e hidden layer has 25 units.



Table 1: MNIST point-cloud classification with D = 2 directions and R = 16 resolutions. Report
mean accuracy (%) + std over repeated runs.

Setting Accuracy (%)
Fixed directions (Ours) 75.05 + 0.45
Learnable directions (Ours) 81.97 + 2.53
Fixed directions (Roell et al.,2024) 77.61 + 7.98

Learnable directions (Roell et al.,2024)  81.29 + 3.39



For a simplicial complex K and a function g : K — N,
we define the weighted Euler characteristic

dim(K)
XU(K,g)= Y (=1)? ) g(o).
d=0 ceEKd

T<Oo = g(*r) > g(cr).



Algorithm 1 Grayscale Image to Weighted Complex
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function IMAGETOWEIGHTEDCOMPLEX(A)

> A e N™*" greyscale image matrix
Veenter = HND(A # 0)
&> treat nonzero pixels as coords for vertices
Vo= Viaapus > initialize vertex list
forv e Vi ter do & add corner vertices
append v + [£1/2,+1/2]to V

end for
V = UNIQUE(V) & remove duplicates
F=| & initialize face list

for v € V. ter do
append triangles containing v to I
end for
E = all resulting edges
for f € F containing v € V,.,.s.r do
Fuw(f) = weight of corresponding pixel value
end for
for v € V do
Vw(v) = largest weight of face containing v
end for
fore € E do
Ew(e) = largest weight of face containing e
end for
return V. E, F.Vw, Ew, Fw

5. end function




Table 1. SVM ten-fold classification performance of vectorized
image, ECT and WECT representations for the MNIST digit data.

Representation | Classification Rate
Image R?%%28 87.84 £ 142 %
BCRR %8 89.88 £ 1.66 %

WECT R?5%0 94.68 £ 1.57 %
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Injectivity

e PERSISTENT HOMOLOGY AND EULER INTEGRAL TRANSFORMS

by ROBERT GHRIST, RACHEL LEVANGER, AND HUY MAI

e HOW MANY DIRECTIONS DETERMINE A SHAPE AND OTHER SUFFICIENCY RESULTS
FOR TWO TOPOLOGICAL TRANSFORMS

by JUSTIN CURRY, SAYAN MUKHERJEE, AND KATHARINE TURNER



Stability

Theorem 3.1 (Dlotko & Gurnari [6] Proposition 2). Given geometric simplicial complezes
K1, Ko, with filtrations F and G respectively, then the Ly distance of the Euler Characteristic
Curves between them is bounded by the Wasserstein distance between the filtrations.

|ECCr(K1) — ECCg(K2)|l1 < 2W1 00 (Dgm(F(K1)), Dgm(G(K2))

This result gives a relationship between the ECC of a complex with a filtration and the
persistence diagrams obtained from the same filtration. We can further restrict the filtration
to be the height function in a direction, making it suitable for the ECT.

| ECC,(f(K)) — ECCy(g(K))|l1 < 2W1,00(Dgm(h{X)), Dgm(hg™))).



ZX ([z, 00)

z€N
Zdlm(K)
2 ; )#{0 € K | g(o0) > 2}
dim(K)
=S e d
2 Z;N#{U € K| g(o) > 2}
dim(K)
=S
2, (=Y > D Lyoyse
zeENgeKd
dim(K)

= Y (=1D* > glo) =x"(K,g).

d=
0 ceKd



WECC(t) ZECO M),  WECCH(t) ZECO h(K®))(®).
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