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For all finte pefric sppes P and Q

dB(ng LH'.R(P)) , 'ng(HiR(&)) < daH(P»G)

!

Guromov - Hausdorff - distonce.
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Psbs-had)ng

flimbon W>on fuckr X:1->C, L s a #inadegry C k o orbqmy
Or on object X € ob(CT)

ob;\ec‘ts in ob(C*) o caled Eergs-{m& modules .
aomple . XeTpR . XeTp®  (CGWH)

oom(uﬂrtg w funclor T : Tp > D D &k « cofegory.
efomple.  Hyx : Top —> gr-Vect
H* Tp = Al
L™ : Top —> Ho(Top)
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“distance” : pirtended pseudometric irdweavéng distence. .
5-nferleouing cateqory | 1% | i the +hin cotegory with object ot
Refo,t ond @ mophisn (r) >(s,5) i ond only i either
(1) w+8€S o

) i=j ad Tv<S.

XY:R—>C , we say X ond Y ore 3-inferleoved | if ther &5 @
fwnchr Z: T>C | st ZE=X ad FE'ZY.

( ER>1% Elv=(vi) i=o01)

iterlenuing distence dp (X,Y) := inf {51 X ond Y o §-interlenved }



ﬂ\ﬁlﬂghw‘h\h’— I:\erdmvi)rxg Distunce .
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Theotein (Gragor) Giot oand Johan Lzmy)

Let P={ prime nwnbers 3y {o}

2 ‘A5 “ds

) dgw 2 d;p 2 d{)w ” d,g,n:? 2 dgr-Vect,lF?

2 d}"-oo,u:@ 2
for finite fittered  dertor.
(2) Mok generally,

2
| eisFy 2 dyrvet Ry

An s alebm Ap: wod  $-Sternd algebra
ém : 590“1[3@5‘(01
Aot dgryect, 7,06 Y) = dz (Hx0GTR) , HalY ) X Y: R>Top

= dB(ng (HR(P)) Dgm ( H«R (Q))

Aote: duz 2 dgn
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Weak tzs:(ui\)alet\csz_ a,
X, Y:R—=>Tp or XY G%FR

Tp s o model category | -then TpR &« model categury called pwjective model

coctesjory.

X’-&Y:,_\_W.,_\_ﬁ---ﬁ ,.\Wn,_k
NN YN

Thus ~ W

Homotopy  irterleoving distance  dnz
5-hanotopy - inferlenved = X &X', Y2Y st X ond Y o 3-inferlenved .

dur = f {51 X,Y are 5-homgtopy- interleaved }



Three elomertey properties .
(1) Stable

O disuete.  For ol finte mehric spaees P, Q,
d(R(P),R(B)< dgn (P, @)
® continwous . For ony Teob‘UaE ond fuchons 7V, K : T>R
d(S(), SR <dwn (Y, k)
(2) homoTopy et
£ XaY, then d(x.Y)=o.
(>) homoleqy bounding
dp (Dgn (HR(P)) , Dgm (HeR(Q)) ¢ dX,Y)

Claim : Any  (Condinuous) steble ond homo’bnl)y nveriont distance
on ob (Topt) satisfies disciete stobility.
dgr—\lec:t Sotisfles (1) ard (),



Theote. ( Andvew J. &mews ond Michoe| Lesnick)
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Theote. ( Andvew J. &mews ond Michoe!| Lesnick)
dar s o distane on ob(‘coE'R) subisfying Hhe stebility , homotopy  invariance

and  homology bourding - property .

dyp sotisfies e Jriangle inequolity. 7

Given X and Y e E—homoto?y-irdwleaved Yod Z ore 6—homo'boly-ln+m{mwd,
poie that X ad X are (5+&)-homotopy- interleaved .
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Morked  cotogoyy M finit Fhin oquipped whh Some ot cformadions .
Geneted interloaving coteqory A : obR = obMx R, thin

Examl)[e. "







F:A—>Top Fwe:=Flap) dhen F@ s on objeck of Top®
Sbmilaxl) ’ 'F(b)"F(c)



F: M —>Top Fwe:=Flep) Hhen F@ is on objeck of Top®
Sinilouwly | Fb Fo) -

WLOG , we may  0SSwne that F & cofibrnt by -(nkinj z cofibmnt reelaazmen‘% of F.



describe Hhat X and Y o §-homotopy-interleaved | Y and Z are
&~ homobopy- ircterteaved .
Q
M :
b/g_\d/ \e/e\c
N NS

F: A—>Top st. Fha X TForZ FdaFe aY
)5S Fd) FO-=>F@

SR

Xz F(‘»/B\Fto\) aYd Re)/E\F(C) &2
N N



poe hat X and Z are (J+€)-homotopy- iterlenved .

N a
b- 5§ ~d ) /E,\“c
Ty T NNV A

~~~~~~~~~~~
...........

If we con fh\d out an getenglon i:\/:/v —>-E>€

So‘t. ,ﬁ(b) - & > ﬁf) and ‘/F\/(C) ’.\ >F (5) , mone .y 7
i
/ @) \
X & F(b) 5 3 ) = F(c) & Z
((f ,\;) ‘~~ ‘--.3\‘~~ p . (f ,\')
‘& ~~~~~ 4 RSB

SRR, € m)(w,\ * 7)

R
’
-
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t ~
left Kan-extension . LJ/ Yt 7 F:= LanF
- LW\L‘F
N
/F(a).t
Xessg & ﬁb)t:s ) \ /\ ﬁ‘—)—et&

DWW

F(f)&x Ty, K_/ F(a)t;te



Wriversality .



Foct: Tor ony dircted Set L, ooch oofibiort diagrom in Topt is L-criticol
X:1>Top i d-critkol : X i closed —fal-bm‘(zlor\ ond for each ¥ e cobm X
dhe set {wmel|veimMg}t hos a minimwn element.
Obvaoux‘y , ¥ X & 1-criticol | Hhon we have a funchion

X : colimX > 1T .

Broposidion . For ary -iforleved  Rospaces X, Y, ther aist a topological
spe T ond funchons V¥, YT: T—>R such that S(Y¥)2 X
SONaY ad do (Y%, ¥)<S,

Theotem. (Ardrew J. Blumbery ond  Michae! Lesnick)
I d ks ony stable and horotopy weriont distence on R-spaces | then d<dar.



pessis terdt Whitehend  Con jectur



Thovrem ( Whitehend. theotem. for  modlel  categories )
Tor ay model cotegory C, o wesk equivalence between cofibmnt - fibrat

objects n C I & homotopy equivalence .

Casistert Whiehead  Conjecture.  ( Andvew 3. Blumbery ond  Michoe! Lesnick)
Hhe infemal maps { X+, u5}ver ossorble i o morphn  ©X.8: X —> X(3)

8- horotopy  equivalences.
Giiven @R-sea&s X ond Y , vie will say @& {Juar of morehf)sms f:xevY(S)
ord 3: Y —>X@) o (ierse) J-homotopy equivdlence i
J@)»f & ©*.28  gpd £(8):g 2 Y. 29
where  £3): X(3)>Y@d) is e mep indued by £, ond is §(3) defired
analogously.
X

5*//\\“3“
Y

VTS




naive verston L.
For X od Y coveted cofibst R-spaces , &30, and  movphism
£: X >YW@) wih e MX D> WY(E) a S-wteleaving morphisn for
al i, f s a S-homotopy equivalence .

nove vesion 2. .
Gwen X , Y ad £ os it e previws conjectur , X and Y or
5~ homotopy- interenved .



F_mmfle. X’ s trovial e Xe=% foral v

YU R—>cw

no_ f $-1‘xn.‘x ‘$.)..' fo\“ velai ,J.H'J..) {e-{olgl .../n}
Y'r '—l o ODPtQS

* for TE(-%,00 Lantx , +%0)
Yo —>Ye  velai,alta) Selaitr ,aith)  iefo,,-
$2.ix cer X $.Li > $-’Li+‘ x e X $.2.i+‘
A" Coples I copies

is W&d b) $'lix$3-: - $Aix -'Li/$_1i\l $J.‘ :$2:[+l

., n_l}

by He g oxact sequence of  homotopy growp , Ty Y 15 iivial
foral v. Then X'>Y'D ad Y SX(1) Wdur 1-irderleavings

on ol bosed pusistert homotopy groups.



Obviously , X'ond Y" ore rot 3-homotopy equivelence for any 3<n+
by d\QCking celluar +heir homolnjy.

Define Y’

%

Lll- I'o / .3 g

X=X Y=@QY £ XYW £=Q tnval mop) .



Version 2.

Suppose We ore  given connected cofibmt R-spoces X ,Y: R—>cw
wih each Xy and Y, of dimension ot most d | and £: X=>Y3)
Witk Tief @ TX > WY(E) a J-iderdeaving morphism for ol . Then
Hhee % a constant Cc>1 , depmd)nﬂ only on d , Such that

(i) the wop induwzdl by -f € & cd —homo‘l:oey o,tluis/a(el\ce,,

G) X od Y are ¢5-homotopy- interleaved -
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