



































































Interleaving
易思 恒






































































TD A



point cloud 北 filtration
coming

representation



computing
ypoint cloud 北 filtration representation

Vietoros.Rips complex

tech complex

Dowler complex

witness complex



computing
ypoint cloud 北 filtration representation

VietorosRips complex
homology

tech complex
cohomology

Dowler complex do_structure

witness complex mod
psteenroddgebramoduklnomaliz.edu

chain complex Es structure

homotopy information



computing
ypoint cloud 北 filtration representation

VietorosRips complex
homology

tech complex
cohomology barcode

Witness omg

the diagram

Dowler complex do_structure landscape

mod psteenroddge.bra module persistentcurve

lnomaliz.educhain complex E ⼀structure penitent image

homotopy information



describe the differences between different filtrationby bothneck distance



describe the differences between different filtrationby bothneck distance

For all finitemetricspaces P and
Q.dBDgmlHiRPD.DgmlHiR.IQ E dat RQ

Gromov Hausdorff distance
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Abstracting

filtration mian functor X I C Is a thincategory C is a category

Or an object X EOb E

objects in ob E are called persistence modules

example XEEP
R X Etf CGWH

computing ms functor F Top D D is a category

example Ht Top sgrvect
Ht up Alg
正印 Top SHOTop
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distance extended pseudometric interleaving distance

a interleaving category i is the thincategory win object set

Rin and a morphism ri Sj if and only if either
1 riots or

2 Ej and rts

ō

T 1

5
0

X丫 112 C we say X and Y are a interleaved if there is a

functor Z I0 C st.EE0 X and EE Y
É R E 式 r r i i 0 I

interleaving distance di.IM1i nf ōx andY are a interleaved
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the interleaving distance of distinct representations
theorem Gregory Ginot and Johan wray

Let P primenumbers⼉们
们 dE.zdpzdp 2ddidszzdipzdts.Fpzdgr.ua Fp

forfinitefiltered data
2 More generally

de.zdtp hoAIg IhdhoAlg_yshipidgr

vectfpd.italgebra dpimodp
steenroddgebra8ie algebra

Notedgrvect.FMㄚ 1 f H 仪有1 H YiFpl X Y RtTop
⼆dBIDgmlHxRPD.DgmlHxR.IQ

Note dHI Ideo
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Weak equivalence Ii

X Y R Top or X YET

Popis a model category ten top is a model category called projectivemodel
category

X EY

x
EW ii wi i

Because all objects of Top is fibrant all objects of top is

fibrant.muW

xt Y

Homotopy interleaving distance dHI
0 homotopy.interleaved XIX YI Y St X'and Y are a interleaved

dHI i ònffō X Y are 0 homotopy_interleaved



Three elementary properties
1 Stable

discrete For all finitemetricspaces P Q

d RP Risk dart P Q
continuous For any TE obTopand functions 2 K T

RdlSN7SK Kdxl8 K

2 homotopy invariant

If MY then d X Y 0

B homology bounding

dBDgmlHxRPD.DgmlHxR.IQ Edl X Y

Claim Any continuous stable and homotopy invariantdistance

on ob TopI satisfies discrete stability

dgrVe.ci satisfies 1 and 2



Theorem Andrew J Blumberg and Michael Lesnicki
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and homology bounding property



Theorem Andrew J Blumberg and Michael Lesnicki
ch is a distance on obtain satisfying the stability homotopy invariance

and homology bounding property

𠶖 satisfies the triangle inequality

Given x and Y are 0 homotopy_interleaved Yand Z are E homotopy_interleaved

prove hat X and Z are te homotopyinterleaved
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Marked category M f init thin equipped in some extra informations
Generated interleaving category riiobniobMXR.tn

Example M

是 0

n

V 1 1

0



M Ni iia
L v

bi o th ti E C ˊ

f



M ū isa
L v

bi o th ti E C ˊ

f
F 天 Top Fate ⼆ Flat tn Fla is an object of TR

Similarly Fabi Fig



M Ni Ii

bro

a

f Et ˊ
上 ˇ

f
F 天 Top Flat ⼆ Flat tn Fla is an object of TR

Similarly Fabi Fig

WLOG we may assume that Fb ofbrant by taking a cofibrant replacement of F



describe that x and Y are a homotopy_interleaved Yand Z are

a homotopyinterleaved

a
M

bro te f et

F in Top

st.FDIXFKFZFdlIFMEYFlgtFMFMSFHF.IT

X ⼆ Fpō 去缸 灶前 E 卡⼼⼆Z



prove that x and Z are 0 E homotopyinterleaved

N

b ōi

a

tie

ifō Tie T

If we can findout an extension Ě ⼆ 印
天 下

了却
st.int Ēf and Eat Ē191Done I E

N

Fi
⼆ ⼆

X I Ēbiō卡点⼆ 丫 ⼆点半 E The Z
if21 1if ⼆

then ⼼扉 ō ⼀起氚 E 卡9 h Z



天 下
stop

leflkaneytens.in 业7 E Lane
Fi

7

LamF
N

Fa
E E

X to ⼆Ěbfōō 本麻 卡䫹 E Fine⼆ Zte
I ⼆

⼆ ⼆

疝 0 ⾠氢 E 前䂑



Universality



Fact For any directed set I each ofbrant diagram on Top is I_critical
X I top is t critical X is closed filtration and for each xeohmx
he set a EINE imuài has a minimumelement
Obviously of x is tactical then we have a function

y dimX I

Proposition For any 0 interleaved R Spaces X Y there exists a topological

space T and functions T.fi ㄒ R such that SIMI X

Sir Y ⼆丫 and do⼼ 沙 ⼼

Theorem Andrew J Blumberg and Michael Lesnicki
If d is any stableand homotopy invariant distance on R spaces then did HI



persistent Whitehead conjecture



Theorem Whitehead theorem for model categories
For any model category C a weak equivalence between ofibrant.fibrant

objects in C is a homotopy equivalence

Persistent Whitehead conjecture Andrew J Blumberg and Michael Lesnicki
㘩 internalmaps xr.rtdrc.pe assemble into a morphism ex 0 X 01

0 homotopy equivalences

Given R spaces X and Y wewill say a pair of morphisms fix sYcòi
and g Y ㄨ⼼ are converses a homotopy equivalence of

goof a ex 20 and f ⼼ g eY 20

where to i X10 ㄚ20 is the map induced by f and is got defined
analogously

X

9t.net fat
Y s



naive version I

For X and Y connected ofbrant Respaces 020 and morphism

f X YO With Tif Tix 丌吖⼼ a Enterleaving morphism for
all i f is a 0 homotopy equivalence

naive version 2
Given x Y and f as in the previous conjecture X and Y are

a homotopy_interleaved



Example X is trivial ie X'r for all r

Y R.SCW

Yi
欢 ⼀xpizn.io

pies
T T EI处 242 i E 0，1 n

for re to 0⼉ 2542 to

Yi 7Yi r E I2i 242 SEI2 it2，2it4 iGo i n_n

2x x pi 2 x x pi
ii copies zi copies

is inducedby Six j jxsyjvp 2

example Y 2x 2x5x5

号
3 jxgf

这 4

SE 46

By the long exact sequence of homotopy group Tina is trivial

for all r then X s Y叿 and Y 7ㄨ红 induce I interleaving

on all basedpersistent homotopy groups



I

Obviously X'and Y are not a homotopy equivalence for any anti

by checking celluar their homology

Define Y

Y2Y
4 i 学

丫4

28

X QX ㄚ QY fix Y ⼆ f Q trivialmap



Version 3

Suppose we are given connected cofibrantR spacesx.Y.RS CW
with each Xr and Yr of dimension at most d and fix 了丫⼼
with Tfi Tix 不ㄚ⼼ a Enterleaving morphism for all i then
here is a constant cz I depending only on d such that

i the map induced by f is a cō_homotopy equivalence

lil X and Y are ⼼ homotopy_interleaved



Rt Andrew 了 Blumberg and Micheal harnick Universality of the homotopy interleaving
distance 2022

Gregory Ginot andThan heray Multiplicative persistent distances 2021_

W.G Dwyer and J.Spahnski Homotopy theories andmodel categories Handbook

of algae topology


