
 

Onedimensional Persistence
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A gradedmodule M over a gradedring R is a moduleequippedwith

a directed decomposition Nk fMi EZ St theaction of Ron M
is defined by bNnearpdr0ngsRn

MmsMntm.M⼆ 思Hk Xi is a graded RELI_module

specially We considergraded Kittmodule M where he is a field

Def A persistence module M is a familyof R module Mi together

with homomorphisms Qi Mi 7Moti

Def A persistence module Mi Qi is of finitetype Of each component
is finitely generated R module and Qi are isomorphisms for Em for
some integer m

correspondence

Mo 4𠳓 is a persistencemodule over R Weequip Rita with the

standard grading and define a graded module over REU.by xm 嵓Mi
and the actionof is givenby

timo mi m 0 Q m Q m elm

mm he category of persistence modules of finitetypeover R
112

he category of finitelygenerated nonnegativelygradedmodules over RUI



Classificationi

consider persistencemodules of finitetype over k
Because lkEDBPID.ME1 点 IN 红灯 点三的壮 tilt
⼆ denotes asNfl upward on graj

Parameterization

i IkIt I was a to

起KELI It ms Ib btc

Muwdmensond Persistencefonteype.DDefd.EE⼼ ŪEŪ if u isVi di

multiset is a set within which an elementmay appear

multpktomes.AnKIxs xni.is a regradedring And gradedby
Arf ix.im 0⼆⼼ ⼀ vn f xixi

xin.mngradedmodule over an regradedmoduleover an regradedring R

is an Abeliangroup M good with a decomposition ME go.tw
together won a R modulestructure so that Ri Mi EMio

Def X is multifiltered if We aregiven a familyof Subspaces Xt Moi
with inclusions Xǔ EXonheneoenuiws.to thediagrams commute

xū ⼼ qi.IE so
in Ǎw

Def A persistence module M is a family of lkmodules Mojo together
with homomorphisms Qui Mi mo forall Is0st.eiooeo.roQǔno whenever I SEE



Det Given a persistencemodule M we define an regradedmodule over An by

xmkfnv
where the demodule structure is the directsum structure andwerequire
hat it Must B Qui wheneven to

correspondence

mm the category of multidimensional persistence modules ft
I

the category of regraded modules over An ft
Classification

Det ngradedsetlx.es where X is a set and 4 ⼼ 区

themap t of regraded sets fffzn
For my ngraded module n over An 叫⼆晶⼤

A free Arimodule on the graded set x e F

for any regraded AremoduleM andmap of regraded sets
0 X e HIM there is a unique homomorphism ⼊ FSM

of regraded Aremodules so that the diagram

X e HIF
commutes

yǔǐ



Df the type of an regraded vectorspace U is the www.multset
which is isomorphic to a graded set bans for V denote it

亏⼼

Similarly we can define EF for freeaged F
For any mgraded vectorspace V we have a free regraded module

FLU st.lk AnFN EV
For any multiset of N we can also consider V1到 and

FIE

For any regraded module M consider 㘩 minimal freesolution

of M
sF.SE M 70

亏以⼆ E F 了以⼆ F

5 F 到⼆ L l L is a AriSubmodule and E L ⼆点

I 佉 到⼆ IMI isomorphism class1 号M 法 E MKE了

We havemap 9 5 E 去 I1了 E
L ⼼ IF从 I

um bijection the orbits of AutLE AS IF E 加 IT 到

Parameterization forSLF了
Thegod is to demonstrate that ARR 何 is in bijective

correspondence with the set of points of a quasiprojective variety
over the field k
号 V ⼜ VEN x V NO.es is a multiset

0 V 区 be any function

ARRso IF assignments V3⼈v1 VEVL.is a kwnear subspace



1
of Fv satisfying thethree conditions

I.is0 tin E Li
2 com叭⼼ 00

3 dm.kll.tl I Ǖ ⼼ x⼼ for all TEV

i depict submodule L of M

ARR F1 E E 恋Gras Fo

F fAn⼼ V为
Choose a Target Ǜ St 0 20

Fǒ Exit Fo E Ft

ÜEǙ
condition I LEE Xii Fo

2 If I O then LEE Lf
3 dm.uat 0 D
4 dmkkt1点⼼ N forany VEV

Nidmlīv

on a
EGL in

N MvMu Mos is a E 0 frame





Example 了 0⼼ 2 ⼆ 13.0 1 ⼭ 1 412 1 4，3 1

GL FY AS IF 去 orbits to IIE 到11
GL.LK EGram下法 下污⼈

11

⾄Gr 以2 P仙 4

GL.lk AP 𠯻4

Let Ii EP'IK then li h ls 4 E P k4

We consider the subset ⼝ E P'd 4 4 ⼈ 以1 lit Lj 的

4 h.hn 14 x aws.y.ws x l

so ⼮ P o o 1 k 似了


